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1. Introduction 

Recently the study of the low-energy description of multiple M2-branes has seen great progress. 
In particular, the authors of ref. following the work of refs. [§, ^, ^, ^, @, |8|, proposed 
that Nf. coincident M2-branes probing a C^/Zfc singularity have a low-energy description as 
a particular = 6 supersymmetric Chern-Simons-matter theory. We will refer to the theory 
of ref. as "the ABJM theory" 

The ABJM theory provides new information about the anti-de Sitter/Conformal Field 
Theory (AdS/CFT) correspondence ||, |l^, 0]. Given M2-branes at a C^/Zfc singularity 



when we take Nc ^ oo we can replace the M2-branes with their near-horizon geometry, which 
is (3+l)-dimensional AdS space times a orbifold of a seven- sphere, AdS^ x S'^/'Ek- The 
natural conjecture was that the low-energy theory of M2-branes, in the large- A'^c limit, is 
dual to eleven-dimensional supergravity on AdS 4 x jTL]^. The exact low-energy theory of 
multiple M2-branes was unknown before ref. [jjl, however. 

Additionally, via AdS/CFT, the ABJM theory may also have practical applications as 
a solvable toy model for certain condensed matter systems, for example systems whose low- 
energy dynamics is dominated by a quantum critical point and/or is described by a strongly- 
coupled Chern-Simons-matter theory. 

The authors of ref. |Q] derive the AA = 6 supersymmetric Chern-Simons-matter theory, 
and its relation to M2-branes, from a particular brane construction in type JIB string theory. 
The initial configuration includes two stacks of D3-branes, an NS5-brane, and a (\,k')h- 
brane. At this stage we can identify the low-energy theory of the D3-branes as a (2+1)- 
dimensional = 3 supersymmetric Chern-Simons-matter theory with product gauge group 
[/ {J^cj X U{Nc) and with equal but opposite Chern-Simons levels k and —k for the two gauge 
groups, which we denote as U{Nc)k x U{Nc)-k- Performing a T-duality, an uplift to M- 
theory, and a certain kind of "near-horizon" limit^, we obtain M2-branes probing C^/Z^. 
A supersymmetry enhancement occurs in the "near-horizon" limit, from AA = 3 to AA = 6 
supersymmetry. The low-energy theory of the M2-branes (the ABJM theory) is thus an AA = 6 
supersymmetric U {Nc)k x U {Nc)-k theory with adjoint and bifundamental fields. Upon taking 



^Throughout this paper we will use quotation marks to distinguish this "near-horizon" limit, which we 
explain in detail below, and the usual near-horizon limit of a stack of branes, for example the near-horizon 
limit of M2-branes, which produces AdSi. We define the "near-horizon" limit precisely in section 
perform the limit explicitly in appendix H. 



2.3, and 
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Nc ^ oo and replacing the M2-branes with their near-horizon geometry, the appropriate 
description is eleven-dimensional supergravity on AdS^ x S^/Zfc. We may then take k — > oo, 
where the appropriate description becomes type IIA supergravity on AdSi x CF^. 

In this paper we deform the ABJM theory by introducing fields in the fundamental 
representation of the gauge groups, i.e flavor fields. We study fiavor fields both in the brane 
construction and also in the field theory. In particular, for a given brane construction, we 
present a general recipe to determine the couplings of the flavor fields to the fields of the 
ABJM theory. We then apply our general recipe to four examples, where our goals are 
to write the field theory Lagrangians and to compare the symmetries of the string/gravity 
description and the field theory. 

To explain how we add fiavor to the ABJM theory, we first recall how to add fiavor 
in the "usual" AdS/CFT correspondence, which arises from the study of D3-branes in flat 
space. Here the gravity theory is type IIB supergravity in the near-horizon geometry of 
D3-branes, which is AdS^ x S^, and the dual strongly-coupled CFT is (3+l)-dimensional 
= 4 supersymmetric SU (Nc) Yang-Mills (SYM) theory in the 't Hooft limit N^. ^ oo and 
additionally with large 't Hooft coupling A = gyjyfNc —>■ oo. 

To introduce flavor fields, we return to D3-branes in flat space and introduce additional 
open string degrees of freedom, i.e. additional D-branes. The standard example is D7-branes 
that intersect the D3-branes along their (3+l)-dimensional worldvolume The endpoints 
of 3-7 and 7-3 strings act as pointlike excitations in the Nc or Nc of SU{Nc) on the D3-branes' 
worldvolume. The additional branes are thus called "flavor branes." By now a large literature 
exists on the physical properties of these gauge/gravity models with fiavor, beginning with 
refs. |13|, |l^ (for a review see ref. |jl6|). 



To obtain AdS^ x then requires taking Nc ^ oo. If we keep the number Nf of D7- 
branes fixed as Nc — > oo, so that Nf <C Nc, then we may neglect the D7-branes' contribution 
to the stress-energy tensor, and hence we may ignore their effect on the metric^. This limit 
is called the "probe limit" because in this limit the D7-brane "cleanly probes" the geometry 
without deforming it. In the field theory the probe limit amounts to ignoring quantum effects 
due to the flavor, such as the running of the coupling, because such effects are suppressed 
by Nf/Nc. In the language of perturbation theory, we are discarding diagrams with quark 
(and/or squark) loops (sometimes called the "quenched approximation"). 

Sometimes the flavor fields will be confined to a lower-dimensional defect, for example, a 
supersymmetric D3/D5 intersection can give rise to probe D5-branes along AdS^ x S'^ inside 
AdS^ X S^, which describes supersymmetric flavor fields confined to propagate only in (2+1)- 



dimensions of the (3+l)-dimensional theory, i.e. along a codimension-one defect |17, |T8|, [T^ . 
In the construction of the associated supersymmetric defect field theory, a convenient step 
was to write the ambient fields in terms of the lower-dimensional superspace appropriate for 



the defect, based on the previous results of refs. [20, 21, g^, 23]. The codimension-two case 



of a D3-brane probe wrapping AdS^ x inside AdS^ x was studied in ref. |24] 



^Analogous statements apply for the other fields of supergravity. 
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To add supersymmetric flavor to the ABJM theory, we wih add super symmetric flavor 
branes in the type IIB brane construction of the ABJM theory. We begin by Usting all 
supersymmetric Dp-branes that are extended along the coordinate axes in the type IIB con- 
struction (see table H] in section We then perform a T-duality, a lift to M-theory, and the 
"near-horizon" limit to determine where these branes end up in M-theory on C^/Z^, and we 
compute the amount of supersymmetry the object (brane or Kaluza-Klein (KK) monopole) 
preserves (table |^ in appendix C.l lists a few examples). Lastly we take Nc ^ oo and de- 



termine where the objects end up in M-theory on AdS/i x S^/Z/t, and for a few examples we 



compute the amount of supersymmetry the objects preserve (see appendix C.2 ). 

All of the above analysis occurs on the gravity side of the AdS/CFT correspondence. How 
do we determine the dual field theory, including the flavor fields? As a systematic approach 
to construct the field theory, we start a few steps "before" ABJM's type IIB construction. 
We begin in type IIB with just a D3/Dp intersection, where the Dp-brane is the flavor brane. 



The actions for many D3/Dp systems are known (see for example refs. |12, 19, 24, 25, 2(:, 
p7| , [28(1). We then follow what happens to the action, step-by-step, during ABJM's type IIB 
construction. Two steps are crucially important in this procedure. The flrst is the addition 
of the NS5-branes, which impose boundary conditions that set to zero some of the degrees 



of freedom, as explained in refs. |29, |30[]. The second is when we take the "near- horizon" 
limit (after T-dualizing in and lifting to M-theory). In the fleld theory, this corresponds 
to taking a low-energy limit and writing an effective theory valid on scales below the Chern- 
Simons mass scale g(y^,^/c/(47r) (with qym the Yang-Mills coupling of the (2+l)-dimensional 
theory). Roughly speaking, the action will be the known D3/Dp action after 1.) imposing 
the NS5-brane boundary conditions and 2.) taking the low-energy limit. The resulting action 
is the answer for the fleld theory, and should have the correct symmetries. As we will see, 
however, this procedure is not always easy to implement in concrete examples. 

We apply our general procedure to four examples. We will add four different flavor branes 
in type IIB, which become four objects (branes or KK monopoles) in M-theory on C^/Z^. 
The four branes, and the type of flavor flelds they describe, are as follows: 

• A D5-brane that becomes a D6-brane in type IIA and a KK monopole in M-theory, and 
which introduces codimension-zero AA = 3 supersymmetric flavor flelds. 

• A D7-brane that becomes a D8-brane in type IIA and an M9-brane^ in M-theory, and 
which introduces codimension-one, chiral, J\f = (0, 6) supersymmetric flavor flelds. 

• A D3-brane that becomes a D4-brane in type IIA and an M5-brane in M-theory, and 
which introduces codimension-one, non-chiral, M = (3, 3) supersymmetric flavor flelds. 



^Here, and throughout the paper, "M9-brane" will refer to the still-mysterious M-theory description of 
D8-branes. The only part of the M-theory description that we really use is the name "M9-brane," however. In 
most cases, thinking of this object as a D8-brane in type IIA suffices. For more on the conjectured M9-brane, 
see ref. ISlll and references therein. 
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• A D3-brane that becomes a D2-brane in type IIA and an M2-brane in M-theory, and 
which introduces co dimension- two, M = 4 supersymmetric flavor fields. 

In all four cases, we describe the location of the object in M-theory on C^/Z^, calculate the 
number of supercharges it preserves, and identify the isometries of the background that it 
preserves. For the first two cases, we write the field theory Lagrangian describing the coupling 
of the flavor flelds to the fields of the ABJM theory and match the symmetries between the 
field theory and supergravity descriptions. In the third and fourth cases we take some first 
steps toward constructing the Lagrangians, commenting in particular on the symmetries. 

In our analysis we find that many different Dp-branes in type IIB, for example Dp- 
branes with different embeddings or even Dp-branes of different dimensionality, become the 
same object in M-theory. Furthermore, the embeddings of many such M-theory objects may 
be mapped into one another via an SU{4) isometry transformation (as first noted in ref. |]32|| ). 
When that occurs, we call the two objects "S'f7(4)-equivalent." A natural question is what 
SU{4:) equivalence means in the field theory. In simple terms, SU{4) equivalence occurs when 
two different theories fiow to the same low-energy fixed point (corresponding to two type IIB 
Dp-branes becoming the same object after the "near-horizon" limit). We will discuss S'C/(4) 
equivalence in more detail, and provide some examples, below. 

Throughout this paper we work in the probe limit whenever applicable. In other words, 
whenever we have Nj fiavor branes and we take A'c ^ cxd, we will keep Nf fixed, such that 
Nf <C Nc- We will always consider Nf coincident fiavor branes; we will never separate the 
flavor branes from one another. We will also consider only massless flavor fields. 

We will end our introduction by reviewing similar studies of probe branes in AdS^/CFT^, 
to compare and contrast with our study. 

The authors of ref. ||3^ considered M2-branes on C^, added probe M5-branes (codi- 
mension one) and M2-branes (codimension two), and computed the spectrum of geometric 
fluctuations of the probe branes. In type IIA, these probes become D4-branes and D2-branes, 



respectively. Our analysis extends that of ref. |33| in two ways. First, we consider branes 
probing C^/Z^ with k > 2 rather than C^. Second, we consider supersymmetric M2- and 
M5-branes, but we also consider a KK monopole as well as the M9/D8-brane. We do not 
study fluctuations of our probes, however. 

In type IIA on AdS4 x CF^, the authors of refs. |34, 35] studied D4-branes extended 
along AdSs x CF^ and the authors of ref. |34] studied D8-branes extended along AdS^ x CF^. 



We study these objects on the gravity side, but our analysis extends that of ref. |34] primarily 
on the held theory side: for the D8-brane, we write the Lagrangian describing the coupling 
of the flavor flelds to the fields of the ABJM theory. 

The authors of refs. |36, 37, ^] studied the KK monopole (D5-brane in type IIB, D6- 
brane in type IIA), on both sides, gravity and field theory^. Although we will have little to 
add to the physics in this case, it serves as an especially nice example of our general recipe 
before we consider more complicated cases. 



*An extension of the analysis of refs. ^ to a more general system appears in ref. |38[ 
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This paper is organized as follows. In section ^ we review the ABJM theory and its brane 
construction. Section |^ explains in general terms how to add flavor probe branes to the ABJM 
theory and discusses in detail the complications that can arise in deriving the field theory. 
The next sections apply this general procedure to four examples. Section Q is dedicated to 
codimension-zero flavor, section ^ is dedicated to codimension-one chiral flavor, section ^ is 
dedicated to codimension-one non-chiral flavor, and section |^ is dedicated to codimension- 
two flavor. In section ^ we discuss 5C/(4) equivalence. We conclude with some discussion in 
section |9[ We collect various technical results in four appendices. 

2. Review of the ABJM Theory 

In this section we review the ABJM theory Q. In particular, we review its field content, 
Lagrangian, and symmetries. We also review the type IIB (and type IIA) brane construction 
of the theory, and its large- supergravity dual. 

2.1 The Gauge Theory 

Let us begin by writing the Lagrangian and reviewing the symmetries of the ABJM theory. 
The theory is a C/ (Nc) x U{Nc) gauge theory with a Chern-Simons term for each gauge group 
factor. The two Chern-Simons terms have equal but opposite levels, k and —k, which we 
denote by UiNc)k x U{Nc)-k. 

The nicest way to write the Lagrangian is in = 2 superspace. Our conventions are 
those of ref. [^9|| . We use a mostly-plus Minkowski metric. The (2-|-l)-dimensional Af = 2 
supersymmetry algebra includes two Majorana spinors, which we will combine into a single 
complex spinor^ 9", and its complex conjugate with a = 1,2 the spinor index. The 
superspace covariant derivatives are then 

where 7*^ = ia2, 7^ = ui, and 7^ = as, with ai, (T2, and o"3 the usual Pauli matrices. A chiral 
super field (p obeys DaCp = 0. 

The ABJM theory includes the following fields: 

1. Two M = 2 vector superfields Vi, one for each gauge group, hence i = 1,2 labels the 
U{Nc) factor. An M = 2 vector superfield includes a vector potential A^, a real scalar 
field o", two real (Majorana) gauginos, and an auxiliary real scalar field D, all in the 
adjoint representation of the gauge group. 

2. Two N = 2 chiral superfields each of which is in the adjoint representation. An 
N = 2 chiral superfield includes two real (Majorana) fermions, two real scalars, and a 
complex auxiliary scalar F. 



^We can obtain the (2+l)-dimensional Af — 2 supersymmetry algebra via dimensional reduction of the 
(3+l)-dimensional M = 1 supersymmetry algebra. 0°' is precisely the single complex spinor of the (3+1)- 
dimensional J\f = 1 supersymmetry algebra. 
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3. Four N = 2 chiral superfields, Ai, A2, Bi and where Ai and A2 are in the bi- 
fundamental {N(., N^.) representation and the Bi and B2 are in the anti-bifundamental 
{Nc, Nc) representation. 

We will divide the action into three pieces, 

SaBJM = Scs + ^bifund + Spot, (2.2) 

where, in M = 2 superspace, 

Scs = ^ / '^^'"^^^ "^^^^ (^1^° {e'^'D^e-'^') - V2D'' {e'^^D^e-'^^)) , (2.3) 
5bifund = - J d"^^ d^O Tr (^e-^M^e^^ + ^.e-^^S.e^^) , (2.4) 
Spot = [ d^xcfeW + C.C., (2.5) 



with the superpotential 

W = -^TV ($? - ^l) + Tr {Ba<i>iAa) + Tr {Aa^2Ba) . (2.6) 

In 5bifund and the superpotential, summation over o = 1,2 is implicit. All traces are taken 
in the fundamental representation. Without the superpotential the action has J\f = 2 super- 
symmetry. The chiral superfields combine with the corresponding Vi to form AA = 4 vector 
multiplets, although the Chern-Simons terms only preserve = 3 supersymmetry. The form 
of the superpotential is completely fixed by = 3 supersymmetry (see for example ref. |]40|| ). 

The fields have no kinetic terms, hence at low energy they can be integrated out, 
yielding the superpotential 

W^ABJM = -^e'^' e'^' TV {AaBaA.B^) , (2.7) 

which clearly exhibits an SU{2) symmetry acting on Aa and a separate SU{2) symmetry act- 
ing on Ba- We denote this symmetry as SU{2)a x SU{2)b- The R-symmetry of the theory, 
SO{?>)r = SU{2)r, does not commute with the SU{2)a x SU{2)b- under the SU{2)r sym- 
metry, {Ai^B^) and (742,-62) are each a doublet. We thus conclude that the full symmetry 
is 5?7(4), under which (yli, ^2, -B*, transforms as a 4. As argued in ref. [|^, the super- 
charges also transform under the 5f7(4), hence the full R-symmetry is S'[/(4)^ = SO{Q)r, 
and hence the theory is in fact = 6 supersymmetric. 

We emphasize that at low energy the supersymmetry is enhanced, where by "low energy" 
we mean energies lower than the mass, gY]\,jk/{47r) (here we use a normalization for the 
kinetic terms of the vector multiplet with a l/gyj^ in front), of the fields in the AA = 4 
vector multiplet^. We will see this supersymmetry enhancement again shortly, in the brane 
construction of the theory. 

"When we integrate out the fermions in the vector multiplets, we may worry that the Chern-Simons level 
will change: the adjoint fermions have the same mass with the same sign within the U{Nc) multiplet, but with 
the opposite sign of fermions in the other U{Nc), so the Chern-Simons level should be shifted by zbA'^c- The 
massive gauge fields cancel that shift, however |4l|]. 
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The theory additionally has a U{l)b "baryon number" symmetry under which Ai — > e^'^Ai 
and Bi — > e~^'^Bi. Remarkably, the theory also has a parity symmetry, which involves 
inverting one spatial coordinate (say — > — x^), exchanging the two gauge groups, and 
performing charge conjugation on all of the fields. 

Finally, as shown in ref. |jl|, the moduli space of the theory is C'^/Z^, where the acts 
as (Ai, ^2, -B^, -62) — *■ e'^'^^^^{Ai,A2,Bl,B2), where here Aa and Ba denote only the scalar 
component of the corresponding superfields. 

2.2 Type IIB Construction 

In this section we review the type IIB brane construction (of ref. Q) leading to the A/" = 6 
Chern-Simons-matter theory with gauge group U{Nc)k x U{Nc)-k described above. Consider 
the following brane setup in type IIB string theory 





0123456789 


NS5 
NS5' 
Nc D3 
k D5 


• — — — • — — — 



where the direction is a circle. The NS5- and NS5'-branes are separated in the x^ direction. 
The Nc D3-branes, which are extended in the x^ direction, break on the NS5-branes. The k 
D5-branes and the NS5'-brane are coincident in x^. 

The D3-branes, together with the NS5- and NS5'-branes, give rise to an AA = 4 super- 
symmetric (2+l)-dimensional U{Nc) x U{Nc) Yang- Mills theory ||2^. The bosonic part of 
the = 4 vector multiplet in each U{Nc) gauge group consists of the (2+l)-dimensional 
components of the D3-brane worldvolume gauge field together with the three real scalars de- 
scribing each D3-brane's position in the {x^,x^,x^) = (345) directions. Recall from the last 
subsection that each AA = 4 vector multiplet consists of an AA = 2 vector multiplet Vi and an 
AA = 2 chiral multiplet <I>j. The real scalars are the two real scalars in <I>j plus the real scalar 
cTj in Vi, which thus form a vector representation of S0{3)r. Similarly, the auxiliary fields D 
and F form a vector of the R-symmetry. 

The theory also has (anti-)bifundamental AA = 2 chiral multiplets, coming from strings 
stretched between the two stacks of D3-branes. These are the fields Aa and Ba of the last 
subsection, with a = 1, 2. 

The k D5-branes coincident with the NS5'-branes introduce massless D3/D5 strings, 
and break the supersymmetry to AA = 2. The field theory thus has k massless AA = 2 chiral 
multiplets in the fundamental and k massless AA = 2 chiral multiplets in the anti-fundamental 
of each U{Nc) factor. 

What does any of this have to do with Chern-Simons theory? If we can give the funda- 
mental and anti- fundamental fields the same mass, then via the parity anomaly these fields 
will produce Chern-Simons terms at low energy. More precisely, we need real masses of 
equal sign. As argued in ref. (see also ref. the deformation that produces such 
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masses is to bind the k D5-branes to the NS5'-brane, producing a (1, A;)5-brane. To preserve 
M = 2 supersymmetry, the (1, A;)5-brane must be tilted at an angle in the (59) plane, 
which we denote by [5,9],. The angle 9 depends on the complex axion-dilaton "T" = ^ + X 
as 9 = arg(r) — arg(/i" + r). In what follows, we will always set t = i. Such a deformation 
actually gives the fundamental and anti-fundamental fields infinite mass. Integrating out 
these fields then produces Chern-Simons terms with levels k and — fc for the two U (A^c) gauge 
groups. Moreover, we can enhance the supersymmetry to A/" = 3 if we additionally rotate the 
(1, A;)5-brane by the same angle 9 in the (37) and (48) planes. We thus arrive at the brane 
construction 








1 


2 


3 


4 


5 6 7 J 


i 9 


NS5 


• 


• 


• 


• 


• 


• _ _ _ 




(l,fc)5 


• 


• 


• 


[3,7], 


[4,8], 


[5,9], - - - 




Nc D3 


• 


• 


• 






— • — - 





We will henceforth refer to the final brane configuration above as "the type IIB setup." 
The field theory associated with this setup is an = 3 U{Nc)k x U {Nc)-k Yang-Mills theory 
with Chern-Simons terms and four massless bifundamental matter multiplets (Aa,Bb). We 
saw above that this theory flows in the infrared (meaning energies below gYM^/i^'^)) to the 
M = 6 superconformal U{Nc)k x U{Nc)-k Chern-Simons theory with the same bifundamental 
matter content. The easiest way to see that happen in the brane setup is to T-dualize and 
then lift to M-theory. 

2.3 Type IIA and M-theory Descriptions 

If we perform a T-duality along then the type IIB brane setup above turns into the following 
type IIA configuration: the Nc D3-branes become Nc D2-branes in the (012) directions. The 
NS5-brane along (012345) becomes a KK monopole associated with the circle. The (1, A;)5- 
brane becomes a KK monopole in the (0123) [3, 7], [4, 8], [5, 9], directions associated with the 
x^ circle. Normally k D5-branes would appear as k D6-branes in type IIA string theory. Here 
the k D5-branes bound into the (1, A;)5-brane appear as D6-brane flux on the KK monopole. 
The configuration in type IIA string theory is thus 








1 


2 


3 


4 


5 


6 7 i 


I 9 


Nc D2 


• 


• 


• 












KK monopole 


• 


• 


• 


• 


• 


• 






KK monopole with D6-brane flux 


• 


• 


• 


[3,7], 


[4,8], 


[5,9], 







We can now lift the configuration to M-theory, introducing a second circle direction, which 
we will denote x". The D2-branes become M2-branes, whereas the KK monopole associated 
with the x^ circle remains unchanged. Normally a D6-brane would lift to a KK monopole 
associated with the circle, hence the KK monopole with D6-branc flux becomes a KK 
monopole associated with a circle on the (6, jj) torus. Notice that the two 5-branes in the 
type IIB picture (i.e. the NS5-brane and the (1, fc)5-brane) lift to pure geometry in M-theory. 
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The spacetime is now R-*^'^ x Xq, where the M2-branes are extended along R-*^'^ and 
is the spacetime generated by the KK monopoles. The space Xq preserves 3/16 of the 32 
supersymmetries of M-theory. (Adding the M2-branes (with the right orientation) does not 
break any additional supersymmetries.) We thus expect the M2-branes' worldvolume theory 
to have M = 3 supersymmetry. 

The enhancement of supersymmetry that we saw in the field theory occurs when we 
take a "near-horizon" limit, which we define as follows. At the intersection point of the 
two KK monopoles, the singularity of the space Xg is locally C^/Z^. Denoting the complex 
coordinates of by z*, the action of the is e^'^'^^^z^ . The "near- horizon" limit 

means retaining only the C^/Zjt singularity of the full Xg space. We will often refer to this 
as "zooming in" on the singularity. C^/Z^ preserves 12 supersymmetries, or 3/8 of the 32 
supersymmetries of M-theory. We write the metric of Xs, and take the "near-horizon" limit, 
explicitly in appendix ^ 

12 real supercharges is of course the correct amount for a (2-|-l)-dimensional AA = 6 
supersymmetric theory. Recall also that the moduli space of the M = 6 Chern-Simons- 
matter theory is precisely C^/Z^. Furthermore, = has an SO{8) isometry, of which 
only SU{4:) x U (1) remains after the orbifold. These symmetries match the S'C/(4)ij x U{l)h 
symmetry of the Af = 6 Chern-Simons theory. The central conclusion of ref. was therefore 
that the M = 6 superconformal U{Nc)k x U{Nc)~k Chern-Simons matter theory of section 



2.1 describes the low-energy dynamics of Nc coincident M2-branes at the C^/Zfc singularity. 

Recalling that, in the field theory, the Z/j acts on the bifundamentals as (Ai, ^2,5*, B2) 
e'^'^^^^{Ai,A2,Bl,B2), and also that they transform as a 4 of SU{4:)ji, we can (roughly) 
identify {z^ , z'^ , z^ , z'^) with {Ai, A2, B^, B2), where here Aa and Ba represent the bosonic 
components of the corresponding superfields. The U{l)b symmetry of the field theory thus 
appears as a phase shift —>■ e*"z* (which is equivalent to shifts in the circle, as we show 
in appendix ^) . 

2.4 The Dual Gravity Theory 

Consider Nc M2-branes at the C^/Z^ singularity. If we take A^c — ^ co, we can replace the 
M2-branes with their near-horizon geometry, AdS^ x jTLk- The natural conjecture then is 
that eleven-dimensional supergravity on AdS/^ x S"^ /'L^ is holographically dual to the AA = 6 
supersymmetric U{Nc)k x U{Nc)^k Chern-Simons-matter theory at large Nc- The AdS^ 
radius of curvature R is related to the 't Hooft coupling A = Nc/k and the Chern-Simons 
level k as (with £p the eleven-dimensional Planck length), 

--3- = 4TT^/2kNc = 47rA;\/2A. (2.8) 

We can thus trust the M-theory description in the strong 't Hooft coupling limit A — > 00. If 
we write the S"^ as a circle fibration over CF^, then the orbifold acts on the fiber direction. 
The radius of the circle in Planck units is on the order of R/k£p oc {Nckyl^/k, so we can only 
trust the solution when Nc^ k^ ■ In short, when Nc ^ 00 such that Nc ^ k^ (which implies 
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A = Nc/k oo), the = 6 supersymmetric U{Nc)k x U{Nc)-k Chern-Simons-matter theory 
is dual holographically to eleven-dimensional supergravity on AdS^ x S'^/Z^. 

When A:^ S> iVc S> k, where again A oo, the circle becomes small and the appropriate 
description is in terms of type IIA supergravity on the spacetime AdS^ x CF^. 

3. General Analysis of Probe Flavor 

In this section we discuss how to add flavor to the ABJM theory in general terms. We first 
discuss the gravity analysis and then the field theory analysis. More specifically, we explain 
in this section exactly what we compute on the gravity side and what we want to compute 
on the field theory side. 

Our general approach is to add flavor branes in the type IIB setup and follow what 
happens to them, in both the gravity and field theory descriptions, in the construction of the 
ABJM theory (T-duality, lift to M-theory, etc.). Why start with type IIB? The main reason 
is that the brane description in type IIB provides an easy starting point for constructing the 
field theory. 

3.1 Gravity Analysis 

On the gravity side, we introduce flavor branes in the type IIB setup. To limit our search 
for supersymmetric probes, we impose four constraints. First, we consider only D1-, D3-, 
D5- and D7-branes. D(-l)-branes do not introduce flavor degrees of freedom on the D3-brane 
worldvolume, and D9-branes are unstable without orientifold planes, so we will not consider 
these cases. Second, we do not separate any probes from the D3-branes in overall transverse 
directions. Third, when we consider multiple probes, i.e. Nf > 1, we do not separate them 
from each other, so that they retain a U{Nf) symmetry. Fourth, we consider only probes 
aligned along the coordinate axes. More generally the probe brane could be at an angle with 
respect to these axes. We studied a few special cases of probes at angles (see appendix ^) 
and found that all such probes appeared to preserve as much as, or less, supersymmetry, as 
the probes listed below, i.e. they never exhibit enhanced supersymmetry. 

The counting of supercharges left unbroken by our probes in this background is a straight- 
forward exercise, the details of which appear in appendix |^. The main result of appendix ^ 
is table ||, which appears below. Table |l| lists the flavor Dp-branes we study, exactly where 
they are located in the type IIB setup, and the number of real supercharges each Dp-brane 
preserves. Although for speciflc calculations we focused on the Dp-branes listed in table ||, 
most of our comments in this section will be applicable more generally. 

A very important fact (mentioned in appendix ^ is that when /c = 0, such that the type 
IIB setup includes just NS5-branes and no (1, /c)5-brane, all of our flavor branes preserve 4 
real supercharges, except for two cases that preserve 8 supercharges. The first case preserving 
8 supercharges is D3-branes along (0126), which are of course coincident with the D3-branes 
whose low-energy dynamics we are interested in. The second case preserving 8 supercharges is 
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D5-branes along (012789), which were first studied in ref. For all cases, table || indicates 
the number of supercharges that remain unbroken after forming the (1, A;)5-brane. 

The first column of table |l] lists the type of brane in the type IIB construction while the 
second column lists the resulting type IIA description, obtained by T-dualizing in x^, and 
the third column lists the M-theory description, obtained by lifting to eleven dimensions. A 
type IIB D-brane that becomes a D6-brane in type IIA will lift to a KK monopole associated 
with the M-theory circle, which we have indicated with "KK." The fourth column lists the 
codimension of the defect to which the flavor fields will be confined in the (2+l)-dimensional 
Chern-Simons-matter theory. The fifth column indicates the directions in which the probe 
brane is extended in the IIB construction. The SO {3) symmetry that acts simultaneously 
on the directions (345) and (789) gives rise to other supersymmetric branes, related to the 
ones in the table by SO (3) transformations. We have indicated this by (). For example, the 
first brane could extend along (07), (08) or (09). The last two columns of the table indicate 
the number of real supercharges preserved by the probe brane or anti-brane. Recall that for 
codimension-zero branes the number of preserved supercharges must be even, but for higher 
codimension the brane may preserve an odd number of real supercharges. 



Type IIB 


Type IIA 


M theory 


codim 


wrapping 


SUSY 


SUSY (anti) 


Dl 


D2 


M2 


2 


0(7) 


2 


2 


D3 


D2 


M2 





0126 


6 





D3 


D4 


M5 


1 


01(37) 


3 


3 


D3 


D4 


M5 


1 


01(38) 


2 


2 


D3 


D2 


M2 


2 


0(34)6 


2 


2 


D3 


D2 


M2 


2 


06(78) 


2 


2 


D5 


D6 


KK 





012(347) 


2 


2 


D5 


D6 


KK 





012(349) 


4 


2 


D5 


D6 


KK 





012789 


6 





D5 


D4 


M5 


1 


013456 


3 


3 


D5 


D4 


M5 


1 


01(378)6 


2 


2 


D5 


D4 


M5 


1 


01(389)6 


3 


3 


D5 


D6 


KK 


2 


0(34)789 


2 


2 


D7 


D6 


KK 





0126(3478) 


2 


4 


D7 


D6 


KK 





0126(3479) 


2 


2 


D7 


D8 


M9 


1 


01345789 


3 


3 



Table 1: List of D-branes (extended along the coordinate axes) that we can add to the type IIB 
construction while still preserving some supersymmetry. For more details, see the accompanying 
paragraph. 

As reviewed in section to go from the type IIB setup to M2-branes on C^/Z^, we 
T-dualize in x^, lift to M-theory, and take the "near-horizon" limit. We can easily determine 
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what type of object the flavor Dp-branes become in M-theory: we obtain M2-, M5-, and 
M9-branes or KK monopoles. More difficult to determine is the exact position of the object 
on C^/Zfc. To find that, we take the straightforward approach. We compute explicitly the 
coordinate transformations from the type IIB coordinates to the coordinates (z^, 2:^,2;^, -z^) of 
C^/Zfc. We present the details of the computation in appendix]^. Given the embedding of 
a Dp-brane in type IIB, we can then immediately write the embedding of the corresponding 
object in M-theory on C^/Zfc. 

Once we know the location of the M-brane or KK monopole in C^/Zfc, we can compute 
the amount of supersymmetry and the isometrics that the object preserves. The details of 



those calculations, for a subset of our examples, appear in appendix C.l. Our results are 



summarized in table ^ in appendix C.l. The locations of our objects on C^/Zfc are more 
complicated to explain, however, so we will not reproduce table ^ here. We also studied a 
few examples of M-branes or KK monopoles in the near-horizon geometry of very many M2- 
branes, AdS^ x 5*^/2^. The details of those calculations appear in appendix |C.2| . Knowing 
what symmetries the object preserves is, of course, extremely helpful when constructing the 
dual field theory. 

In our analysis of objects on C^/Zfc, we make use of a helpful tool, originally used in 
ref. [^], which we call "S'C/(4) equivalence." The basic idea is that two different Dp-branes 
in type IIB can become the same object in M-theory on C^/Z^. More specifically, two Dp- 
branes of different dimensionality and/or located in different places in the type IIB setup 
(and hence possibly preserving different symmetries) can actually become the same object in 
M-theory. At work here is the "near-horizon" limit, which "erases" many of the details of 
the type IIB embedding.'' To be still more precise, the two Dp-branes can become the same 
type of object, two M5-branes for example, but located in two different places, i.e. with two 
different embeddings into C^/Z^. If we can rotate one object into the other via an S'C/(4) 
isometry, however, then the two objects are physically equivalent. We may thus work with 
either one, and any physical results will be valid for both. On a technical level, some things 
may be easier to calculate for one embedding than for the other, for example the calculation 
of the number of preserved supercharges. We will present some explicit examples of SU (4) 
equivalence, and discuss its field theory meaning, in section 



3.2 Field Theory Analysis 

Eleven-dimensional supergravity on AdS^ x S'^ jTL^ is dual to the ABJM theory with Chern- 
Simons level A;, and large (such that N(. ^ A;^). What is the dual field theory when we 
add one of our flavor M-branes or KK monopoles, however? If the object preserves a large 
amount of symmetry, then that symmetry may be enough to determine the form of the field 
theory action. That will not always be the case, of course, so we want a more general method 
to determine the field theory. We will now describe a general "recipe," one that is actually 

'^That of course was an essential feature in the brane construction of the ABJM theory: the "erasure" 
produced the (super)symmetry enhancement. 
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very straightforward and, in principle at least, is guaranteed to give the correct field theory 
for any flavor Dp-brane in the type IIB setup. Our recipe actually begins a few steps "before" 
the type IIB setup. We begin with D3-branes alone (so no NS5- or (1, A;)5-branes) and flavor 
Dp-branes. The recipe then consists of four steps, as follows. 

Step 1: Construct the D3/Dp Theory 

In type IIB consider D3-branes alone in flat space, so let be non-compact and remove 
the NS5- and (1, A;)5-branes. We then add supersymmetric flavor Dp-branes. In general, 
we next need to determine the low-energy theory "living" on the D3-branes, including the 
couplings to the (defect) flavor fields. We will generically call that theory "the D3/Dp theory." 
Fortunately, for many examples the D3/Dp theory is already known. The following table lists 
various D3/Dp systems for which the field theory has been determined explicitly. The first 
column indicates the D3/Dp system. The second column indicates the number of Neumann- 
Dirichlet (ND) directions. The third column indicates the dimension of the intersection (the 
subspace of the D3-brane worldvolume in which the flavor fields propagate). The fourth 
column lists references in which the D3/Dp theory is written explicitly. All of the systems 
listed preserve 8 real supercharges. To our knowledge, as of this writing the table below 
represents a complete list of D3/Dp systems for which the field theories have been written 
explicitly in the published literature. 



D3/Dp 


#ND 


Intersection 


Reference(s) 


D3/D7 


4 


(3+1) 


m 


D3/D5 


4 


(2+1) 


MM 


D3/D3 


4 


(1+1) 


m 


D3/D7 


8 


(1+1) 


[26, 27, 28| 


D3/D5 


8 


(0+1) 


m 



Every Dp-brane in table || is described by one of the theories above, except for the D3/D1 
system. Recall that if the D3/Dp intersection has 4 Neumann-Dirichlet (ND) directions then 
the corresponding flavor fields (from 3-p and p-3 strings) will produce non-chiral flavor, simply 
because the fields are arranged in hypermultiplets whereas with 8 ND directions we can 
obtain chiral flavor, as occurs for the 8 ND D3/D7 intersection [p6|, 27, 28|. 



Step 2: Add the NS5-branes 

Now we ask what happens when we construct the ABJM theory from the D3-branes. 
First we introduce the NS5- and NS5'-branes along (012345) and separated in (which for 
now is still non-compact), and let the D3-branes end on them in . From a field theory 
point of view, adding the NS5-branes has two effects. The first effect is that on the D3- 
brane worldvolume the x^ direction is now finite in extent, so the low-energy effective theory 
on the D3-brane worldvolume will be a (2+l)-dimensional field theory. In other words, we 
must perform a dimensional reduction in the x^ direction. The (3+l)-dimensional = 4 
multiplet decomposes into two (2+l)-dimensional AA = 4 multiplets, a vector multiplet and a 
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hypermultiplet. The second effect of the NS5-branes is to impose boundary conditions that 
"kill" {i.e. set to zero) the adjoint (2+l)-dimensional = 4 hypermultiplet We will 

call these "the NS5-brane boundary conditions." We must thus take the D3/Dp action we 
wrote in Step 1 and perform a dimensional reduction in and then determine what couplings 
remain after we impose the NS5-brane boundary conditions. 

For this procedure, a crucial distinction is whether the flavor Dp-brane is extended in 
or not. If not, then we need only dimensionally reduce and impose boundary conditions on 
the fields of the (3+l)-dimensional = 4 super symmetric Yang-Mills theory. If the flavor 
Dp-brane is extended in x^, then we must also perform a dimensional reduction and impose 
boundary conditions on the flavor fields. In this paper we study examples in which we can 
avoid doing these operations explicitly. 

We will also mention an alternative, but entirely equivalent, way to perform Step 2,^ 
namely to perform two T-dualities, one along x^ and another along one of the directions 3, 
4 and 5 (along the NS5-branes but transverse to the D3-branes). Strictly speaking, here we 
must assume that x^ is compact, and that we have two stacks of D3-branes, giving rise to two 
U{Nc) gauge groups, as in the type IIB construction of the ABJM theory. The NS5-branes 
ultimately become the orbifold space C^/Z2 x C, the D3-branes become D3-branes located 
at the orbifold singularity, and the flavor branes become some Dq-branes (with q = p, p + 2, 



or p — 2), which may be wrapping some part of C /Z2 x C [^, 46, We can then use well- 



known machinery for studying D-branes on orbifolds (see refs. [45, |4^, 47, 45] and references 
therein) to determine the field theory. 



Step 3: Compactify x^, form the (1, A;)5-brane, and lift to M-theory 

Now we compactify x^ and add another stack of D3-branes, so that the gauge group of the 
D3-branes' worldvolumes is U{Nc) x U{Nc). If the flavor Dp-brane is localized in x^, then in 
this paper we will always introduce two stacks of flavor Dp-branes, each with Nf Dp-branes, 
located at opposite sides of the x^ circle, away from the NS5-branes. We will thus obtain 
open strings stretched from each stack of Dp-branes to the corresponding stack of D3-branes, 
and hence we obtain massless fields in the fundamental representation of each gauge group 
factor. We then introduce the k D5-branes along (012349), bind them to the NS5'-brane to 
form a (1, /c)5-brane, and then rotate the (1, /c)5-brane. None of these operations affect the 
form of the action in our flavor sector: they correspond to adding additional flavor flelds, 
which then acquire mass terms and are integrated out, producing the Chern-Simons terms. 
The action in our flavor sector (i.e. the coupling to adjoint fields, coming from 3-p and p-3 
strings) is unchanged^. We then T-dualize to type IIA and lift to M-theory. The action in 

*We thank Ingo Kirsch for mentioning this alternative approach to us. 

®We can make a more direct argument for why these operations do not affect our flavor action, for flavor Dp- 
branes not extended along x^. We can start with the D3/Dp intersection and immediately add an NS5-brane 
and the (1, fc)5-brane. Once again, we first do a dimensional reduction to (2+1) dimensions. We then impose a 
boundary condition for the NS5-brane and a separate boundary condition for the (1, fc)5-brane. Together these 
set to zero the Af = 4 hypermultiplet and introduce a Chern-Simons term [0, E^, H. In these operations, the 
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the flavor sector is unchanged in those two steps. In particular, notice that the symmetries 
win be unchanged. We thus arrive in M-theory on the manifold mentioned in section 2.3. 



Step 4: Take the low-energy limit 

In the supergravity description, the last step is to "zoom in" on the C^/Z^ singularity 
of X^, which appears in the fleld theory description as a low-energy limit. More precisely, we 
are doing effective field theory: we want to write a theory valid on scales below the mass of 
the = 4 vector multiplet, gy j^^^k / {An) . Following the rules of effective field theory, in the 
low-energy action we must write all terms consistent with the symmetries, which in particular 
means supersymmetry and R-symmetry. If we can determine the coefficients of these terms 
(using for example supersymmetry), then the action we obtain is the correct action of the 
theory. Furthermore, as in the ABJM theory, to determine whether a (super)symmetry 
enhancement occurred, a helpful step is to integrate out the fields We emphasize that 
integrating out the <I>j does not change the theory, however. The equations of motion for 
the $j's are simply algebraic constraints: the theory already has whatever symmetry it has 
before we formally integrate out the ^iS. 

Our recipe has advantages and disadvantages. Let us first consider the advantages. One 
advantage is the fact that, in principle at least, our recipe is guaranteed to produce the correct 
field theory. Another advantage is the fact that the input for our recipe is a known D3/Dp 
theory, that is, our recipe is a kind of "machine" that takes a known D3/Dp theory and 
outputs the field theory for fiavor fields coupled to the ABJM theory. Notice also that the 
action we obtain in the fiavor sector will generally be valid for all values of Nc and k, although 
we will primarily be interested in the limits where gauge-gravity duality is under best control 
(such as TVc > A;^). 

Now let us consider some disadvantages. Although in principle our recipe is guaranteed 
to work, in practice some of the steps can be difficult. Indeed, having studied many of the 
Dp-branes listed in table ||, we can say from experience that Steps 2 and 4 often present 
technical challenges, especially in cases where the flavor flelds are confined to a defect. 

In Step 2 for example, for defect flavor fields, naively imposing the NS5-brane boundary 
conditions often leaves us with field content that does not easily fit into simple representations 
of the defect's supersymmetry group. (We know what supersymmetry the system should 
have from the gravity analysis.) In such cases, a more rigorous analysis of supersymmetry- 



preserving boundary conditions, along the lines of ref. |3C], may be required. We will see an 
example of this in section |6[ 

As for Step 4, several special issues arise. Step 4 often requires careful analysis of su- 
persymmetric non-renormalization theorems. In the ABJM construction (without flavor), we 



only changes in the flavor sector are the same that occur with just NS5-branes: some coupUngs are ehminated 
when the boundary conditions set adjoint fields to zero. Otherwise the action in the flavor sector does not 
change. For flavor Dp-branes extended along , more work may be required to determine the effect of the 
(1, fe)5-brane boundary condition on the flavor fields, along the lines of ref. [M. 
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begin with an = 3 supersymmetric Yang-Mills-Chern-Simons-matter theory. An important 
feature of M = 3 supersymmetry is that the action is fully determined by the symmetry [40]. 
That means that the low-energy limit consists only of discarding the kinetic terms for the 
= 4 vector multiplet (while leaving the Chern-Simons terms). The action cannot change 
otherwise, for example the superpotential cannot acquire new terms, and the Kahler potential 
cannot be renormalized. When we add defect flavor, however, the Lorentz symmetry of the 
ABJM theory is broken to the subgroup that leaves the defect invariant, and the amount 
of supersymmetry is also reduced. In such cases a prerequisite for Step 4 is to re-examine 
non-renormalization theorems for defect theories. For the defect field theories corresponding 
to the D3/D5 and D3/D3 intersections ((3-|-l)-dimensional = 4 SYM with defect flavor), 
proofs of non-renormalization appear in refs. Our examples in sections ^ and ^ have 

enough symmetry to avoid this issue. 

Step 4 also involves integrating out the fields For codimension-zero flavor fields 
that is usually straightforward. If our flavor fields are codimension one or two, however, this 
procedure is more difficult. In particular, we would need to decompose the (2-|-l)-dimensional 
fields of the ABJM theory into lower-dimensional multiplets, and then integrate out the lower- 
dimensional fields corresponding to the ^j. 

A useful strategy for Step 4 is to "work backwards," that is, to use symmetries of the 
gravity description to guess the final result. In other words, given the symmetries on the 
gravity side, we can write all possible terms consistent with those symmetries in the field 
theory. In cases where a symmetry enhancement occurs, we must demonstrate that these are 
all the terms allowed by the original symmetry, so that we "retroactively" justify the result. 

Lastly, let us explain the field theory meaning of SU (4) equivalence. On the gravity side, 
SC/(4) equivalence was the statement that two Dp-branes in the type IIB setup, which may be 
located in different places or even have different dimensionality (but which must have the same 
codimension in (2-|-l) dimensions) become the same type of object in M-theory on C^/Z^, 
where the embeddings of the the two objects are related by an 5'[/(4) isometry transformation. 
In the field theory what is happening is simply that two different theories, with different 
symmetries for example (including possibly different amounts of supersymmetry), flow to the 
same low-energy fixed point in Step 4. We will discuss that further, and present an explicit 
example, in section ^. 

To illustrate various features of our recipe, we now turn to several examples. 



4. Codimension Zero A/^ = 3 Supersymmetric Flavor 

In this section we study codimension-zero M = 3 supersymmetric flavor flelds, which have 



already been studied in refs. 37, For us this section serves as a particularly nice 
illustration of our general recipe. Compared to other examples, however, this example lacks 
many interesting features. For example, no supersymmetry enhancement occurs in the "near- 
horizon" limit, as we will review. 
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4.1 Supergravity with KK-monopoles/D6-branes 



To obtain co dimension-zero M = 3 supersymmetric flavor, we follow refs. |36, 37, 32], and add 
D5-branes extended along (012789) in the type IIB setup. We are free to choose their position 
on the circle. We will add two stacks of D5-branes, each with Nf coincident D5-branes, 
on opposite sides of the circle, away from the NS5-brane and (1, fc)5-brane. The strings from 
the D5-branes to the two stacks of D3-branes thus introduce massless flavor in both gauge 
groups. As shown in table || in section 3^, these D5-branes preserve 6 real supercharges in 
the type IIB setup. 

After T-duality in the D5-branes become D6-branes. The 2Nf D6-branes are coinci- 
dent, and have a U{2Nf) symmetry broken to U{Nf) x U{Nf) by a Z2-valued Wilson line, as 
explained in ref. [^2|. (The Wilson line simply tells us where the D5-branes were in type IIB.) 
After uplift to M-theory and the "near-horizon" limit, the D6-branes become KK monopoles 
associated with the x" circle in M-theory on C^/Z^. The authors of ref. [^] argue that the 
embedding of the KK monopole is described by the equations = z'^ , = z'^ in C^/Zfc. The 
authors of ref. |32| then showed that, by using the SU{A) symmetry of C^/Z^, we can map 



this embedding to Im(z*) = 0,Vz. In other words, the two embeddings are SU{4) equivalent. 
The symmetries preserved by the KK monopoles are easier to see in the latter embedding, 
however. In the latter embedding, the KK monopoles are extended along (012) and Re(z*), Vi. 

The circle direction associated with the KK monopoles corresponds to the U{l)b sym- 
metry of the background, so the KK monopoles preserve this symmetry. The KK monopoles 
break the S'f7(4) symmetry to an S'0(4) under which (z^ , z'^ , z^ , z"^) transforms as a 4. The 



total symmetry group that the KK monopoles preserve is 50(4) x U{l)b 



SU{2) X SU{2) X 

^ ^ |3^. In appendix C.l we find that the KK monopoles preserve 6 real super- 
charges. 

If we take A'c ^ oo, we can replace the M2-branes by their near-horizon geometry, which 
is AdSi X 1%}^. The KK monopoles are extended along AdSi^ and wrap a three cycle in 



S /'^k- In appendix |C.2| we analyze the K-symmetry condition for these monopoles and find 
that after the near-horizon limit the number of preserved supercharges has doubled to 12. 

For large /c, such that ^ Nc and the appropriate description is type IIA on AdS^^ x CF^, 
the monopoles become D6-branes wrapping AdSi X RF^ m. 

To summarize: as explained in refs. 



Jq, 37, 32 1, in the type IIB setup we can add 
D5-branes that produce fundamental matter for both gauge group factors. These become 
KK monopoles in M-theory on C^/Zj^. These KK monopoles preserve 6 real supercharges, 
so we expect a dual field theory with J\f = 2> superconformal symmetry. The corresponding 
R-symmetry group has to be SO (3), which fits into the symmetry found above. We now 
proceed to review the dual field theories constructed in refs. |36, 37, 32], and check that it 
has the right symmetries and amount of super symmetry. 



4.2 The Field Theory 



We will first review the theory described in refs. ]36, 37, 32], and then "re-derive" it using 
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our recipe. 

In the type IIB setup we introduce two stacks of Nf coincident D5-branes along (012789) 
on opposite sides of the circle. These D5-branes preserve the J\f = 3 supersymmetry of the 
type IIB setup (see appendix ^). The strings stretched between each stack of D3-branes and 
each stack of D5-branes will produce M = 2 chiral superfields transforming in the U{Nf) and 
U{Nc) representations {Nf,Nc) and {Nf,Nc) of each U{Nc). We will denote these as Qi and 
Qi, respectively, where again i labels the gauge group, i = 1,2. The field Qi, for example, 
transforms in the Nj representation of U{Nf) and the Nc representation of the "first" (i = 1) 
U{Nc) gauge group, while Qi transforms in the conjugate representations, Nf and Nc- For 
notational simplicity, we will suppress flavor indices. 

= 3 supersymmetry completely determines the action [^]. The kinetic terms of the 
flavor fields are 

5fund = - y d^x (fe (Q^e-'^^Qi + Q^e^'(5i) . (4.1) 
Here we have left summation over i implicit. The superpotential now has extra terms, 

W = -^Tr($2 _ $2) ^ '^(B^^^Aa) + Tr(^,$2Sa) + Qx^lQx - Q2^2Q2- (4.2) 
OTT 

At low energy we again integrate out $i and which gives 

27r 



W = — Tr 

k 



{AaBa + QlQlY -{BaAa-Q2Q2Y ■ (4.3) 

Now let us derive the action above using our recipe. 



Step 1: Construct the D3/D5 Theory 

We return to type IIB and consider D3-branes alone in flat space, so for now let be non- 
compact and remove the NS5- and (1, A;)5-brane. We then add Nf flavor D5-branes, which 
intersect the D3-branes in (2+1) dimensions. This D3/D5 intersection has 4 ND directions 
and preserves 8 real supercharges. 

The D3/D5 theory was constructed in refs. ijlsl , 19 1. In the flavor sector we have two M = 



2 chiral superfields (which comprise an = 4 hypermultiplet), which of course propagate 
only in (2+1) dimensions. In the adjoint sector, we start with the theory on the D3-branes, 
(3+l)-dimensional AA = 4 SYM theory. The (3+l)-dimensional AA = 4 multiplet decomposes 
into two (2+l)-dimensional AA = 4 multiplets, a vector multiplet and a hypermultiplet. The 
(2+l)-dimensional AA = 4 vector multiplet then further decomposes into an AA = 2 vector 
multiplet and an AA = 2 chiral multiplet. The kinetic term for the flavor fields is then precisely 
the one above, i.e. the flavor fields have the standard coupling to the N = 2 vector superfield. 
The superpotential is also precisely the one above (at least, the terms involving the flavor 
fields are the same), i.e. a coupling to the adjoint M = 2 chiral superfield from the AA = 4 
vector multiplet. (See for example eq. (4.7) in ref. [^.) The entire action preserves AA = 4 
supersymmetry, that is, 8 real supercharges. We emphasize that the flavor fields do not couple 
to the (2+l)-dimensional AA = 4 hypermultiplet at all. 
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step 2: Add the NS5-branes 

We add the NS5-brane and NS5'-brane along (012345) and separated in (which for 
now is still non-compact), and let the D3-branes end on them in x^. We first perform a 
dimensional reduction in x^, which does not affect the flavor action in this case (since it 
is already (2-|-l)-dimensional). The NS5-brane boundary conditions set to zero the (2+1)- 
dimensional = 4 hypermultiplet. As we mentioned, however, the flavor flelds do not couple 
to the = 4 hypermultiplet, so this step actually has no effect on the action in the flavor 
sector. The theory retains = 4 supersymmetry. 

Step 3: Compactify x^, form the (1, A;)5-brane, and lift to M-theory 

Now we compactify x^ and add another stack of D3-branes, so that the gauge group of 
the D3-branes' worldvolumes is U{Nc) x U{Nc), and another stack of Nf D5-branes. We 
thus obtain two sets of flavor fields, the Qi and Qi, with i = 1,2, mentioned above, and 
correspondingly, two copies of the defect action. As we argued in section ^, forming the 
(1, A;)5-brane and lifting to M-theory does not change the defect action. The action acquires 
Chern-Simons terms, however, which break the supersymmetry to AA = 3. 

Step 4: Take the low-energy limit 

Lastly, we must take the low-energy limit, which means writing all terms consistent with 
the symmetries of the field theory. Our theory has Af = 3 supersymmetry. As mentioned 
above, M = 3 supersymmetry completely determines the form of the action [40|. The flavor 



action thus remains the same, and hence we arrive at eqs. (4T) and ( [4.21 ). The very last step 



is to integrate out the ^i, as we did above, the result being eq. 

Once we have the result for the held theory action, we must ask whether any symmetry 
enhancement occurred in the low-energy limit, as happened in the ABJM theory without 
flavor. 

Inspecting the superpotential above, we can see that the theory retains the U{l)b "baryon 
number" symmetry under which Aa — > e'^°'Aa and Ba — > e~^'^Ba. The theory additionally has 
a global U{Nf) x U{Nf) flavor symmetry, of which the overall, diagonal U{1) (usually also 
called "baryon number") acts as Qi — > e~'^^Qi and Qi — >■ e'^^Qi. 

From the superpotential in eq. ( |4.3| ) we can also see that codimension-zero flavor breaks 
the SU{2)a X SU{2)b symmetry to the diagonal subgroup that leaves invariant the product 
of fields AaBa- If we perform SU{2)a and SU{2)b transformations, 





where mj and rij are the parameters of the transformation, and the aj are the Pauli matrices 
(j = 1, 2, 3), then we have 




AaBa = (^1,^2) I n ^ (^1,^2) e^^'^^e*"^-^ 
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= I2 + i{mi + ni)ai + i{-m2 + 112)0-2 + i{m3 + 11:^)03) + . .. 

where we have expanded the exponentials, I2 stands for the 2x2 identity matrix, and . . . 
stands for terms of higher order in rrij and rij . By demanding that the terms hnear in rrij and 
rij vanish, we find that only the subspace of the SU{2)a x SU{2)b algebra where ni = —mi, 
n2 = m2 and na = —m^ leaves AaBa, and hence the superpotential, invariant. We will denote 
this diagonal subgroup SU{2)£,. 

The theory also has M = 3 supersymmetry and hence retains the SU{2)ji symmetry, 
under which {Ai,Bl), {A2,B2), and {Qi,Qi) transform as doublets. In the ABJM theory 
without flavor, the superpotential exhibited the symmetry SU{2)a x SU{2)b, which does not 
commute with SU{2)fi. The conclusion was that in fact the full R-symmetry was 5C/(4), and 



hence the theory had M = 6 supersymmetry, as we reviewed in section 2.1 . 

The crucial question is thus whether or not SU {2)ji and the SU (2) subgroup of SU (2) a x 
SU{2)b commute. As mentioned in refs. ||3^, ^ they do commute, as we will now show 
explicitly-'^'^ . Let the 4x4 matrices (5^ = iaj (Xi I2 and 




B 



O2 



represent the generators of SU{2)r, SU (2) a and SU {2)b that act on the vector {Ai, A2, B^, B2) 
Here O2 represents the 2x2 null matrix. We then find 



[6^,6f] = 102 ® (Tj , [6^, 6f] = -iai ® aj , [6§, 6f] = , 
[<5f , 6f] = ia2 a* , [,52^, df] = -iai ® a* , [6§, 6f] = . 



and hence we immediately find that the subgroup SU{2)£) commutes with SU{2)ii: 
[6f,6t - Sf] = [Sf, 6^ + 6i] = [5f , 6t - 6i] = 0. 

The SU (2) /J is therefore not enhanced, so the system has only AA = 3 supersymmetry. 

To summarize: classically the theory has M = 3 superconformal symmetry, with bosonic 
subgroup 50(3,2), and global symmetry SU{2)r x SU{2)d x U{l)b x U{Nf) x U{Nf) which 
matches perfectly with the symmetries in the supergravity description above. 

As this case was a rather trivial example of our recipe, we now turn to slightly more 
involved examples, in particular, examples that exhibit supersymmetry enhancement. 

^'^The fact that SU{2)r and SU{2)d commute is a familiar feature of S[/(4). The SU{4) algebra has two 
obvious SU{2) x SU{2) sub-algebras, whose diagonal 5?7(2)'s commute with one another. In the ABJM theory 
these are 5'I7(2)a x 5'!7(2)s, with diagonal SU{2)d, and Sf/(2)i x 5(7(2)2, with diagonal SU{2)r. Here SU 
acts on {A\, Bl) as a doublet and leaves (-B2 , ^2) invariant, while for SU{2)2 {Ai, Bl) is invariant and {B2, A2) 
is a doublet. 
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5. Codimension One M = (0,6) Supersymmetric Flavor 



In this section and the next we study two different probe branes that introduce codimension- 
one flavor fields, that is, flavor fields propagating in a (l+l)-dimensional subspace of the 
(2+l)-dimensional ABJM theory. The branes we study, a D7/D8/M9-brane and a D3/D4/M5- 
brane, were first studied in type IIA on AdS^, x CF^ in ref. ||] . We review and extend the 
gravity results of ref. [34|, and write the dual field theory Lagrangian explicitly for the 



D7/D8/M9-brane. 

In (1+1) dimensions the super symmetries divide into left- and right-handed sectors. We 
begin in this section with a chiral co dimension-one theory, which preserves N = (0, 6) super- 
symmetry. In the next section we study non-chiral flavor. 

5.1 Supergravity with M9/D8-brane probes 

We begin by adding D7-branes extended along (01345789) in the type IIB setup. We are free 
to choose their position on the circle. We will add two stacks of D7-branes, each with Nf 
coincident D7-branes, on opposite sides of the circle, away from the NS5-brane and (1, fc)5- 
brane. The strings from the D7-branes to the two stacks of D3-branes introduce massless 
flavor in both gauge groups. (In contrast, the authors of ref. considered matter fields 
that coupled only to a single gauge group.) Notice also that the D7-branes and D3-branes 



have 8 ND directions, hence the flavor fields will be chiral, as we mentioned in section 3.2. 
As shown in table Q in section 3.1, these D7-branes preserve 3 real supercharges in the type 
IIB setup. 

After T-duality in the D7-branes become D8-branes. The ^Nf D8-branes are coinci- 
dent, and have a U{2Nf) symmetry broken to U{Nf) x U{Nf) by a Z2-valued Wilson line 
(similar to what happened in section |4.l| ). After uplift to M-theory and the "near- horizon" 
limit, the D8-branes become M9-branes extended along (01) and along all of C^/Z^. Obvi- 
ously the branes preserve the fuh SU{4) X U{l)b symmetry of C^/Z^. In appendix |Cl| (see 



also ref. [34|) we find that the M9-branes preserve 6 real supercharges. 

If we take A^c ^ oo, we can replace the M2-branes by their near-horizon geometry, which 
is AdS^ X S'^ /Ijk- The M9-branes are extended along AdS^ inside AdS^ and wrap all of 
S"^ fZk- In appendix C.2 we analyze the K-symmetry condition for these branes and find that 
after the near-horizon limit the number of preserved supercharges has doubled to 12. 

For large k, such that ^ Nc, the M9-branes reduce to D8-branes in type IIA that 
wrap AdSs x CF^. These probe D8-branes were first studied in ref. p^ . 

To summarize: in the type IIB setup we can add D7-branes that produce fundamental 
matter for both gauge group factors. They have 8 ND directions (with respect to the D3- 
branes), so the flavor flelds will be chiral. These D7-branes become M9-branes in M-theory on 
C^/Zfc. These M9-branes preserve 6 real supercharges, so we expect a dual field theory with 
(in (l+l)-dimensional notation) M = (0,6) superconformal symmetry. The corresponding 
R-symmetry group must be SU{4) = 5*0(6), which fits into the symmetry of the brane 
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construction. We now proceed to construct the dual field theory and check that is has the 
right symmetries and amount of super symmetry. 



5.2 The Field Theory 

Let us apply our recipe. 



Step 1: Construct the D3/D7 Theory 

Once again we consider a single stack of D3-branes alone in flat space (so again let 
be non-compact and remove the NS5-brane and (1, A;)5-brane), and add a co dimension- two 
D7-brane. Such a D3/D7 intersection has 8 ND directions and preserves 8 real supercharges. 
What is the field theory for such a D3/D7 intersection? This question was answered^^ in refs. 
p^ , p7| , p^ ]. With 8 ND directions, the NS sector zero-point energy is 1/2, so the ground state 
is in the Ramond sector. What survives the GSO projection is a single Weyl spinor confined 
to the (l-l-l)-dimensional intersection, transforming in the {Nf.,Nf). We thus obtain chiral 
flavor. Our Weyl fermion will be left-handed. 

The immediate question is: with only fermions in the ground state, how can the theory be 
supersymmetric? The answer is that all of the preserved supercharges are right-handed. The 
theory has (l-l-l)-dimensional M = (0, 8) supersymmetry. The flavor fermions are completely 
inert under both supersymmetry and the R-symmetry. 

The action is then remarkably simple. From the D3-branes we of course have the (3-1-1)- 
dimensional = 4 U{Nc) SYM theory action. For the defect flavor fields, the claim of 
refs. 1 26, 27, 28 1 is that the only marginal and gauge- invariant terms that respect all of the 
symmetries are 

^fund = j dx~^dx~ ^\ {id- - AJ) ■i/'g, (5.1) 

where we have used (l-l-l)-dimensional coordinates = x*^ ztx"'^, ■0g is our left-handed Weyl 
fermion, and j4_ is the restriction of the ambient U{Nc) gauge field to the defect. Of crucial 
importance is the fact that A- is inert under M = (0, 8) supersymmetry transformations 



step 2: Add the NS5-branes 

We add the NS5-brane and NS5'-brane along (012345) and separated in x^ (which for 
now is still non-compact), and let the D3-branes end on them in x^. The NS5-brane boundary 
conditions set to zero the (2-|-l)-dimensional = 4 hypermultiplet. The flavor fields only 
couple to the gauge field, however, so adding the NS5-branes does not alter the action in the 
flavor sector. The supersymmetry is reduced to M = (0,4), however. 

Step 3: Compactify x^, form the (1, A;)5-brane, and lift to M-theory 

^^Much of the analysis of refs. [ p6| , p7| , ^ focused on what we would call "back-reaction," that is, effects 
that result from leaving the probe limit. Strictly speaking, all of our statements apply only in the probe limit. 
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We compactify x and add another stack of D3-branes, so that the gauge group of the 
D3-branes' worldvolumes is U{Nc) x U{Nc), and another stack of Nf D7-branes. We obtain 
two sets of flavor fields, which we will denote as tpg with i = 1,2. We obtain two copies of 
the action above, one for each -i/'g- The rest of the construction (forming the (1, /c)5-brane, 
T-duality, etc.) also leaves the action in the flavor sector untouched. The Chern-Simons 
terms break the supersymmetry to = (0, 3). 

Step 4: Take the low-energy limit 

Lastly, we must take the low-energy limit, which means writing all terms consistent with 
the symmetries of the field theory. Let us review the symmetries of the theory at the end 
of Step 3. Our theory has M = (0, 3) supersymmetry and the corresponding SU (2)/? R- 
symmetry. (The SU{2)ii is easy to see in the type IIB setup, being exactly the same SU{2)r, 
which rotates (345) and (789) simultaneously, that appears in the theory without flavor.) 
The theory also has a baryon number symmetry that shifts the phase of ip^ and leaves all 
other fields invariant. Recall also that the theory of course has (l-l-l)-dimensional Lorentz 
invariance and gauge invariance. We will now argue that in fact these symmetries forbid any 
new (relevant or marginal) terms. 

First let us do some dimension counting. The fields ipg are (l+l)-dimensional fermions, 
hence they are dimension 1/2. (We will drop the i index on for now.) We must also 
consider the restriction of the (2+1) -dimensional fields to (1+1) dimensions. We will use 
(f) to denote a generic (2+l)-dimensional scalar restricted to the defect, and * to denote a 
(2+l)-dimensional fermion restricted to the defect. (/) is dimension 1/2 and * is dimension 1. 

Terms with an odd number of tl)q and ijjq, whether relevant or marginal, are forbidden by 
gauge invariance and by the U{1) baryon number that shifts the phase of ipg. Terms with two 
tpq that arc relevant include couplings to scalars, of the form (pipqipg, which is dimension 3/2. 
These are forbidden by Lorentz invariance. ipq is a (l+l)-dimensional left-handed fermion. 
Its conjugate ipq is also left-handed, hence ipqipq is not a Lorentz singlet. Marginal couplings 
of the form (j)'^iplipq and '^ipqipq, and the marginal quartic term {i/jqi'q)'^ , are forbidden for the 
same reason. (We can also eliminate many such terms, and/or linear combinations of them, 
using the R-symmetry and/or supersymmetry.) The only term involving derivatives and/or 
the gauge field that is allowed by the symmetries is the gauge-covariant kinetic term itself. 
The overall normalization of that term can change, but of course such an overall constant can 
be removed by a rescaling of ipq. 

Our conclusion is that the form of the defect action does not change in Step 4. We can 
thus write the defect action easily. We have two Weyl fermions, ipq, where again i = 1,2 
labels the gauge group, that is, under U{Nc)k x U{Nc)-k x U{Nf) x U{Nf) the ipq fermion 
transforms as {Nc, l,iV/, 1) and the ipq fermion transforms as {l,Nc,l,Nf ). We add to the 
ABJM action the terms 



^fund = / dx+dx~ iPl^ {id. - Al) iPl, 



(5.2) 



where here again A't_ are the defect values of the bulk gauge fields, and summation over i is 
implicit. 

We show in appendix ^ that is invariant under Af = (0, 6) supersymmetry trans- 
formations, hence the flavor action preserves M = (0, 6) supersymmetry. The action is also 
trivially invariant under the full 5C/(4)r xU{l)b symmetry. These symmetries perfectly match 
those of the brane construction. 



6. Codimension One AT = (3, 3) Supersymmetric Flavor 

In this section we study codimension-one non-chiral flavor, that is, non-chiral flavor fields 
propagating in a (l-l-l)-dimensional subspace of the (2-|-l)-dimensional ABJM theory. The 
flavor fields will have M = (4, 4) supersymmetry broken to M = (3, 3) supersymmetry when 
the Chern-Simons level k > 2. The flavor brane in this case is a D3-brane in type IIB, a 
D4-brane in type IIA, and an M5-brane in M-theory. We perform our complete supergravity 
analysis for these branes, for example, we compute the supersymmetry that they preserve. 
We also comment on the structure of the field theory and explain in detail the complications 
that arise in applying our recipe for the field theory. 

6.1 Supergravity with M5/D4-brane probes 

We begin by adding D3-branes extended along (0137) in the type IIB setup. We are free to 
choose their position on the circle. We will add two stacks of D3-branes, each with Nj 
coincident D3-branes, on opposite sides of the circle, away from the NS5-brane and (1, A;)5- 
brane. The strings from the flavor D3-branes to the color D3-branes thus introduce massless 
flavor in both gauge groups. (In contrast, the authors of ref. |34| considered matter fields 



that coupled only to a single gauge group.) Notice also that the flavor D3-branes and color 
D3-branes have 4 ND directions, hence the flavor fields will be non-chiral. As shown in table 
m in section 3T, these D3-branes preserve 3 real supercharges in the type IIB setup. 



After T-duality in the D3-branes become D4-branes. The 2Nf D4-branes are coinci- 
dent, and have a U{2Nf) symmetry broken to U{Nf) x U{Nf) by a Z2-valued Wilson line. 
After uplift to M-theory and the "near-horizon" limit, the D4-branes become M5-branes in 
M-theory on C^/Z^. Using the results of appendix we find that the embedding of the 
M5-branes is described by the equations z'^ = z'^,z^ = z^. Here again we can use an S'C/(4) 
transformation to produce new embedding equations that make the symmetries transparent. 
Explicitly, the SU{4) transformation is 

1 / 1 2\ 2 / 3 4\ 3 / 1 2\ 4 / 3 4\ 

(6.1) 

The embedding equation is then z^g^ = z^^^ = 0. The M5-branes are thus extended along 
(01) and and 4e«;- 

For the embedding z^g^ = z^g^ = we can easily see that the M5-branes breaks the 
SUi4) symmetry of C^/Zk down to SU{2) x SU{2) x U{1) where the first SU{2) acts 
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on {z^,z'^) and the second SU{2) acts on {z^,z^). The U{1) acts as {z^ , z'^ , z^ , z'^) — > 
(e*"z^, e*"z^, e~*"z^, e~*"z^). We can also see that the embedding equations are invariant 
under the U{l)b symmetry, e*"2;*, Vi. We thus conclude that such branes preserve the 

symmetry group SU{2) x SU (2) xU{l)xU {l)b- In appendix we find that with the above 
embedding the M5-branes preserve 6 real supercharges (see also ref. [p4[ ). 

If we take iV^ ^ oo, we can replace the M2-branes by their near-horizon geometry, which 
is AdS^ X S'^/Zfc. The M5-branes are now extended along AdS^ inside AdS^ and wrap a three 
cycle in S"^ /Ijk- In appendix p.2| we analyze the K-symmetry condition for these M5-branes 
and find (as expected) that after the near-horizon limit the number of preserved supercharges 
has doubled to 12 (see also ref. ||35[|). 

As shown in ref. (sj] (see also ref. fS^), when k is large, such that 3> Nc, the M5- 
branes reduce to D4-branes in type IIA that wrap AdSs X CF^ in AdS^ x CF^ where CF^ 
is the unique two-cycle in CF^. 

To summarize: in the type IIB setup we can add D3-branes that produce flavor fields 
for both gauge group factors. These fiavor fields will be non-chiral. The D3-branes become 
M5-branes in M-theory on C^/Z^ that preserve 6 real supercharges. We thus expect that 
the flavor fields will preserve (l+l)-dimensional J\f = (3,3) superconformal symmetry. The 
corresponding R-symmetry group must be SO{3) x 5*0(3), which fits into the symmetry group 
we found above. We now proceed to the dual field theory. 

6.2 Comments about the Field Theory 

Here we will again apply our recipe, although we will find some complications when we add 
the NS5-branes in Step 2. 

Step 1: Construct the D3/D3 Theory 

We start in type IIB in fiat space (so non-compact and no NS5- or (1, A;)5-brane) and 
introduce Nc color D3-branes that intersect A'^^ flavor D3-branes in (1+1) dimensions. The 
table below shows the intersection. 





0123456789 


Nc D3 
Nf D3 


• — — — • — — — 

• • — • — — — • — — 



The field theory for such a D3/D3 intersection was constructed in ref. [^4|. The D3/D3 
intersection has 4 ND directions, so the fiavor fields are non-chiral. The full theory preserves 8 
real supercharges. For this case, we have in the fiavor sector two (l+l)-dimensional M = (2, 2) 
chiral superfields Q and Q, which together form an M = (4, 4) hypermultiplet. 

In the adjoint sector we must decompose the (3+l)-dimensional M = 4 multiplet into 
(l+l)-dimensional multiplets. The full decomposition appears in ref. [p4| ]. We write the 
bosonic content, including auxiliary fields, in the table below. In our notation, the superscript 
on the vector field A^ indicates which components are included in the multiplet, for example, 
^0126 indicates that Aq, Ai, A2 and Aq are included. Scalars are denoted by the number 
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of the corresponding direction in the type IIB construction. The subscript on auxihary 
fields indicates the spacetime dimensionality: 1)4 is the auxiliary field in a (3+l)-dimensional 
vector multiplet, while D2 is the auxiliary field in a (l+l)-dimensional vector multiplet. The 
superscript, a, b, or c, on the auxiliary fields F is simply a label to distinguish them among 
each other (the superscript has no deeper meaning). 



(3+l)d 


= 4 V (^0126^ 345789^ j^^^pa^ pb^ pc^ 




(l+l)d 


AA = (4,4) V (^°\ 4589, 1)2, F2) 


AA = (4,4) H (A2,A6,37,F2^F|) 



In (3+1) dimensions the = 4 vector multiplet decomposes into an = 1 vector 
multiplet and three M = 1 chiral multiplets. The bosonic content is the vector field (with 
components (0126)), the six scalars (345789) (transverse to the color D3-branes), the real 
auxiliary field 1)4 in the N = 1 vector multiplet, and three complex auxiliary fields F^, F^, 
and -F4 , from the three M = 1 chiral multiplets. 

As shown ref. |2^, the (3+l)-dimensional AA = 4 vector multiplet reduces to, in (1+1) 
dimensions, an AA = (4, 4) vector multiplet and an J\f = (4, 4) hypermultiplet. The AA = (4, 4) 
vector multiplet includes the (01) components of the vector field, the four scalars (4589) 
(transverse to both the color and flavor D3-branes), the real auxiliary fleld D2 and the complex 
auxiliary field F2. Notice that the M = (4,4) vector multiplet can be decomposed into two 
A^ = (2, 2) multiplets, a vector multiplet and a chiral multiplet. D2 is the auxiliary field in the 
J\f = (2, 2) vector multiplet, while F2 is the auxiliary in the chiral multiplet. An important 
identification that we will use later is D2 = {D4 + F26) |Q, where -F26 is the field strength 
in the (26) directions (along the color D3-branes but transverse to the flavor D3-branes). 
The M = (4, 4) hypermultiplet includes four scalars, namely the components A2 and Aq of 
the vector field and the scalars (37) (transverse to the color D3-branes but along the fiavor 
D3-branes). 

The key point is that the defect flavor flelds couple only to the AA = (4, 4) vector multiplet. 
As described in ref. |24], the easiest way to write the action is using M = (2,2) superspace. 
The kinetic term includes the usual coupling to the M = (2, 2) vector superfleld, and then a 
superpotential coupling to an AA = (2, 2) chiral superfleld provides the completion to M = 
(4,4) super symmetry. The action is written explicitly in appendix D of ref. |24| |. 

At this stage the R-symmetry is SUi2) x SU{2) x ?7(1) x C7(l) The two 5C/(2)'s 

correspond to the 50(4) isometry that acts in the overall transverse directions (4589). The 
first U{1) corresponds to rotations along the color D3-branes but transverse to the fiavor 
D3-branes, in the (26) plane. Similarly, the second U{1) corresponds to rotations transverse 
to the color D3-branes but along the fiavor D3-branes, in the (37) plane. 



Step 2: Add the NS5-branes 

We next add the NS5-brane and NS5'-brane. The arrangement of branes is as follows 
(here we include explicitly only the NS5-brane): 





0123456789 


D3 

Nf D3 
NS5 


• — — — • — — — 



We need to impose the NS5-brane boundary conditions on the M = (4, 4) supersymmet- 
ric defect action written in appendix D of ref. that is, we need to know which fields 

of the (l+l)-dimensional J\f = (4,4) vector multiplet are kihed by the NS5-brane boundary 
conditions, and hence what couphngs are ehminated in the defect action. The relevant de- 
composition of fields from (3+1) dimensions to (2+1) and (1+1) dimensions is as follows (the 
first and last lines are simply repeated from the similar table above): 



(3+l)d 


AT = 4 V (^0126^ 345789^ D4,Fi, F^) 




(2+l)d 


AA = 4 V«2, 345,^3,^3) 


AA = 4 H (.46,789,F3^F|) 


(l+l)d 


AA = (4,4) V(^o\ 4589,^2, i^2) 


AA = (4,4) H (A2,A6,37,F2^F|) 



As we have reviewed several times now, when the D3-branes end on the NS5-branes, the 
(3+l)-dimensional = 4 fields decompose into (2+l)-dimensional = 4 fields, namely a 
vector and a hypermultiplet. We have included that decomposition in the table above. The 
boundary conditions set to zero the fields in the (2+l)-dimensional AA = 4 hypermultiplet. In 
particular, and the scalars (789) are all set to zero. That means that various parts of the 
(l+l)-dimensional multiplets are set to zero. Specifically, in the M = (4, 4) vector multiplet, 
the scalars (89) are set to zero. 

A cursory analysis suggests that the coupling of the flavor fields is described by an 
N = (2, 2) kinetic term alone, that is, that the NS5-brane boundary conditions eliminate the 
superpotential of the D3/D3 theory and leave only the kinetic term. The argument goes as 
follows. As mentioned in section |3.1| and appendix the brane intersection above preserves 
4 real supercharges. The defect flavor fields obviously need a kinetic term, and are non-chiral, 
hence we expect that the flavor action is the M = (2, 2) supersymmetric completion of the 
kinetic term. Indeed, the A^ = (2, 2) vector multiplet includes the (01) components of the 
vector field, two real scalars, and the real auxiliary field D2. The boundary conditions leave 
two scalars, (45), untouched, which is nicely consistent. Furthermore, the action seems to 
have the right symmetries. N = (2, 2) supersymmetry comes with a C/(l) x [/ (1) R-symmetry. 
In the brane description, with two NS5-branes, the flavor D3-brane obviously preserves two 
C/(l)'s, namely the independent rotations in (45) and (89). 

When we look more closely at the auxiliary fields, we find that the auxiliary field D2 is 
set to zero by the NS5-brane boundary conditions. To see why, we examine how the auxiliary 
fields transform under R-symmetry. In (3+1) dimensions, Z?4 is a singlet of the S0{&) R- 
symmetry, while F^, -F4, and F^ form a 6 of 50(6). In (2+1) dimensions, the auxiliary 
fields in the AA = 4 vector multiplet, the real -D3 and the complex F3, form a 3 of the 5'0(3) 
R-symmetry. The auxiliaries in the AA = 4 hypermultiplet are more subtle. The auxiliary 
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fields and F3 have four real degrees of freedom. Of those, three real degrees of freedom 
form a 3 of 50(3). 

In the decomposition from (3+1) dimensions to (2+1) dimensions, then, we must assign 
three real degrees of freedom from {F^,F^,F^) to the Af = 4 vector multiplet, that is, to 
(1)3,^3). The remaining three real degrees of freedom, and D4, must be assigned to the 
= 4 hypermultiplet, that is, to {F^,F^). Notice that such an identification makes sense: 
and -F3 describe four real degrees of freedom, yet only three of those form a 3 of SO{3). 
The "extra" degree of freedom is D4, which is indeed a singlet of the R-symmetry. The 
boundary conditions then set (-F3 ,-F|) to zero, so that D4 is set to zero. 

Now we recall the identification from ref. |24|, and mentioned above, D2 = {D4 + -F26)- 
Notice that such an identification also makes sense, since D2, D4, and the gauge field are all 
singlets under R-symmetry. We can easily argue that in our case F26 = 92^6— 96^2+* [^2, ^e] 
is zero. First, the boundary conditions set Aq = 0. Second, we perform a dimensional 
reduction along x^, hence none of the fields in the low-energy theory depend on (we keep 
only zero modes), so ^6^2 = 0. That leaves D2 = -^D^. As we argued in the last paragraph, 
however, D4 ends up in the (2+l)-dimensional M = 4 hypermultiplet, and is thus set to zero 
by the boundary conditions. We thus have D2 = 0. 

Our conclusion is that the defect flavor fields do not couple to an = (2, 2) vector 
multiplet, since the appropriate coupling to the auxiliary field D2 is absent. In other words, we 
(apparently) cannot write the defect action in = (2, 2) superspace, although we expect the 
theory to have M = (2, 2) supersymmetry. The technical question is thus how to demonstrate 
that the theory has M = (2, 2) supersymmetry. We will leave that question for the future, 
and turn now to other issues that arise in Steps 3 and 4. 

Step 3: Compactify x^, form the (1, fc)5-brane, and lift to M-theory 

When we use the NS5'-brane to form the (1, /c)5-brane, the supersymmetry analysis 
in appendix ^ shows that the system has 3 real supercharges. In field theory language, 
that naively suggests that the Chern-Simons term breaks M = (2,2) down to Af = (2,1) 
or J\f = (1,2). Notice that then the R-symmetry would be a single U{1), which would 
also be consistent with the brane description, where the separate SO(3)'s, corresponding to 
independent rotations in (345) and (789), are broken to a single SO (3), corresponding to 
simultaneous rotations in (345) and (789). The flavor D3-brane obviously only preserves a 
C/(l) subgroup of that, namely simultaneous rotations in (45) and (89). 

At first glance, what is puzzling about M = (2, 1) or A/" = (1, 2) supersymmetry is how 
a (2+l)-dimensional term "knows" about (l+l)-dimensional chirality. In other words, why 
does the Chern-Simons term only break a single /e/f-handed supercharge (for example)? We 
can make sense of this very simply. Consider for the moment a single stack of Nj fiavor D3- 
branes, so that we obtain flavor fields in only one gauge group. Such a configuration clearly 
breaks the parity symmetry of the type IIB setup, which involves an exchange of the two 
gauge groups. In the field theory with Chern-Simons terms, we can perform an integration 



^We thank Andreas Karch for the following observation. 
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by parts, producing a theta term on the defect, which breaks parity, so the idea that the 
Chern-Simons term may break N = (2, 2) to N = (2, 1) is not unnatural. 

What is then curious is that if we add the second stack of flavor D3-branes the system 
seems to preserve parity again, so in that case how can we obtain M = (2, 1) supersymmetry? 
Here we must be careful, and distinguish two Z2 operations. The first Z2 is normal parity, 
which reverses the sign of a spatial coordinate. In our case we are interested in the spatial 
coordinate along the (l+l)-dimensional defect. The second Z2 involves an exchange of the two 
gauge groups. The simultaneous action of both Z2's is the "parity symmetry" of the ABJM 
theory, as reviewed in section 2.1. Now suppose we have only a single stack of flavor D3-branes, 
describing flavor fields in only one gauge group, and preserving N = (2, 1) supersymmetry. 
If we perform the first Z2, which exchanges left-movers and right-movers, then N = (2, 1) 
becomes M = (1,2). If we then perform the second Z2, we find flavor in the fundamental 
representation of the second gauge group. Clearly, then, when we add two stacks of flavor 
D3-branes, one stack will describe flavor fields in one gauge group, preserving J\f = (2, 1) 
supersymmetry, while the other stack will describe flavor fields in the second gauge group, 
preserving = (1,2) supersymmetry. The entire system can thus preserve 3 real supercharges 
and still be invariant under the simultaneous action of both Z2's. As an aside, notice that 
the conventional notation of supersymmetry is a source of confusion here. The notation 
N = (2, 1) makes reference only to the first Z2 operation. When we talk about supercharges 
in this theory, however, a better convention may be to let "left-handed" and "right-handed" 
refer to the transformation of the supercharges under the simultaneous action of both Z2's. 
We will leave a detailed investigation of these issues for future research. 



Step 4: Take the low-energy limit 

Our supersymmetry analysis of appendix shows that the D3-brane, which becomes an 
M5-brane in M-theory, preserves 6 real supercharges on C^/Z^, which suggests that, in the 
field theory, when we integrate out the (2+l)-dimensional = 4 vector multiplet we should 
find M = (3,3) supersymmetry. (Notice that when /c = 1, so that C^/Z^ becomes just C^, 
the system has 8 real supercharges, so we expect J\f = (4,4) supersymmetry.) The procedure 
of integrating out fields will be much more complicated than in either the ABJM theory or 
in the codimension-zero flavor case above. In particular, the process of integrating out will 
probably not be possible at the level of superfields, but rather may have to be done using the 
components of the superfields. 



Given the various complications in constructing the action and integrating out the (2+1)- 
dimensional N = A vector multiplet, we will try to "work backwards": we will use the 
symmetries of the gravity description to guess the form of the low-energy theory. More 
precisely, we will write a scalar potential that has the symmetries we expect. The scalar 
potential will describe the coupling of the defect fiavor scalars to the scalar components of 
the superfields Aa and Ba-, restricted to the defect. We will denote the defect flavor scalars 
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as qf, where i = 1,2 labels the two gauge groups and n = 1, 2 labels the two complex scalar s 
of an = (4, 4) hypermultiplet. 

The scalar potential is of course constrained by gauge invariance and dimensional analysis. 
The scalars Aa and Ba are (2+l)-dimensional fields (though we will be interested in their 
restriction to the (l+l)-dimensional defect), so they have dimension 1/2. The defect scalars 
are dimension zero. The potential on the (l+l)-dimensional defect must therefore involve 
four of the Aa and Ba fields. 

The crucial question is what symmetries the potential must have. Here we turn to the 
gravity analysis. As mentioned above, the codimension-one M5-brane on C^/Zfc preserves 
SU{2) X SU{2) X U{1) X U{l)b- Which symmetries are these in the field theory? 

Let us return for the moment to the theory without flavor, and review the symme- 
tries. We start with Step 2, at which point the field theory is a (2+l)-dimensional = 4 
supersymmetric Yang-Mills theory (without Chern-Simons terms). The R-symmetry is an 
50(4) ~ SO{3) X 5*0(3) where the two S'0(3)'s correspond to independent rotations in (345) 
and (789). We wih call these SU{2)i and SU{2)2, where SU{2)i acts on {Ai,Bl) as a doublet 
while SU (2)2 acts on (^2, ^2) as a doublet. When we proceed to Step 3 and form the (1, k)5- 
brane, which introduces Chern-Simons terms in the field theory, the R-symmetry breaks to 
SU{2)it, the diagonal part of SU{2)i x SU{2)2, which acts on {Ai,Bl) and (^2,^2) simul- 
taneously as doublets, and which corresponds to simultaneous rotations in (345) and (789). 
At this stage the theory also has the SU{2)£) symmetry we mentioned in section |4.2| as 
well as the U{l)b symmetry. The low-energy limit of Step 4 then enhances the SU{2)£, to 
SU{2)a X SU{2)b- As we reviewed in section 2.1, the key observation then is that SU{2)ii 
and SU{2)a x SU{2)b do not commute, hence the full R-symmetry is 5'C/(4). 

When we add our defect flavor, the symmetry in Step 2 breaks to U{l)i x U{1)2, corre- 
sponding to independent rotations in (45) and (89). That breaks in Step 3 to the diagonal 
U{1)r, corresponding to simultaneous rotations in (45) and (89). The symmetry at that stage 
is then U{1)r, as well as SU{2)£) and U{\)\). That must be the case because the defect flavor 
fields couple only to adjoint fields: they do not couple directly to the bifundamentals Aa and 
Ba-, whose couplings are of the form written in eq. (p.6|), which preserves 5C/(2)£) x U{\)h- 

We then know from the gravity side that after Step 4 the symmetry becomes SU{2) x 
SU{2) X U{1) X C/(l)fe. Without knowing the couplings of the defect flavor, we cannot say 
exactly which two SU{2ys these are. For example, the U{1)r may be enhanced back to 
SU{2)ji, in which case the other SU{2) must be SU{2)£). Another possibility is that the 
U{1)r is enhanced back to the full SU{2)i x SU{2)2, in which case the U{1) must be U{1)d, 
the U{1) part of SU{2)d, which commutes with all of 5;7(2)i x SU{2)2. 

For concreteness, we will take the latter scenario as a working assumption, and write a 
scalar potential that respects 5f7(2)i x SU {2)2 x U{1)d x U{l)b- The scalar potential must 
thus be built from SU{2)i x SU{2)2 invariants. For convenience we define 
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where C transforms as a doublet under SU {2)i and L> as a doublet under SU {2)2- The two 
U{1) symmetries act as follows. The first is t/(l)D (the U{1) part of SU{2)£)), which acts as 

Ai^e^'^Ai, A2^e~*"A2, ^ e^'^B^, B^^e-'^'Bl 

The second is the ABJM baryon number U{l)h, which acts as Aa — > e^^Aa and Ba e~^°'Ba- 
Moreover we have also two M = (2, 2) fundamental multiplets confined to the defect. Their 
scalar parts and the corresponding gauge transformations are given by 

qi^e ^qi, q2 ^ e ^q2, n = 1,2. (6.3) 

Note that these scalar fields are confined to the (l+l)-dimensional defect, and have dimension 
zero, n = 1, 2 labels the two complex scalars in an = (4, 4) hypermultiplet. 

These scalars are inert under all four global symmetry groups. To see why, we return to 
the D3/D3 theory of ref. [^]. As we mentioned above, that theory has an SU{2) x SU{2) x 
U{l)xU (1) R-symmetry, where the SU (2) x SU{2) part corresponds to the 50(4) that acts on 
the directions transverse to both the color and fiavor D3-branes, (4589), one U{1) corresponds 
to rotations in (26) (along the color D3-branes but transverse to the fiavor D3-branes), and 
the other U{1) corresponds to rotations in (37) (transverse to the color D3-branes but along 
the flavor D3-branes). In the D3/D3 theory, the scalars transform as (0, 0)^i under the 
SU{2) X SU{2) X U{\) X U{1) R-symmetry. In the current system, the SU {2)i symmetry 
rotates (345) and SU {2)2 rotates (789). (Recah that the diagonal of SU {2)i x SU {2)2 is 
SU{2)r, corresponding to simultaneous rotations in (345) and (789).) The key point is that 
the two C/(l)'s from the D3/D3 theory are broken here: rotations in (26) are clearly broken 
by the NS5-branes (in Step 2), and rotations in (37) alone are not part of the product group 
(rotations in (345)) x (rotations in (789)). The scalars are clearly neutral under all of the 
symmetries here. 

With the above ingredients, the possible contributions to a scalar defect potential pre- 
serving SU {2)1 X SU {2)2 X U{1)d X U{l)b are 

S-def = Yl [qiDCCDq'l + q^DDDDq'l + (gCDDCq^ + (gCCCCqf^ 

n=l,2 

+ j (fx [q\DCCDql + q\DDDDql + qlCDDCql + qlCCCCql + (c.c.)] . (6.4) 

The coefficient of each of these terms, which we have suppressed for notational clarity, remains 
to be determined. Parity ensures that the first and third terms in each line must have the 
same coefficient, and similarly for the second and fourth terms in each line. 

Note that similar terms with additional factors of higher powers of the zero-dimensional 
scalars, such as {q^qiY with some integer /, are compatible with the symmetries listed above 
and might in principle be present in the potential terms given. However for a conformal 
theory with six real supercharges we expect such terms to be absent due to supersymmetric 
non-renormalization theorems. 
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We emphasize that in writing eq. ( |6.4| ) we assumed that the final symmetry is SU{2)i x 
SU {2)2 X C/(1)_D ^ U{l)h. We stress that this identification of the symmetry is an assumption 
at this stage. Indeed, in this section we have seen that many questions arise for the theory 
describing codimension-one M = (3,3) supersymmetric flavor. We plan to further investigate 
these questions in the future. 



7. Codimension Two J\f = A Supersymmetric Flavor 

In this section we study codimension-two flavor, that is, flavor fields propagating in a (0+1)- 
dimensional subspace of the (2+l)-dimensional ABJM theory. The flavor fields will preserve 
(0+l)-dimensional = 4 supersymmetry. The flavor brane in this case is a D3-brane in 
type IIB, a D2-brane in type IIA, and an M2-brane in M-theory. We perform a complete 
supergravity analysis for these branes and comment on the structure of the field theory. 



7.1 Supergravity with M2/D2-brane probes 

We begin by adding Nf coincident D3-branes extended along (0346) in the type IIB setup. 
The strings from the flavor D3-branes to the two stacks of color D3-branes introduce massless 
flavor in both gauge groups. As shown in table |l] in section 3.1, these D3-branes preserve 2 
real supercharges. 

After T-duality in the D3-branes become D2-branes. After uplift to M-theory and 
the "near-horizon" limit, the D2-branes become M2-branes on C^/Z^. Using the results of 
appendix we find that the embedding of the M2-branes is described by the equations 
= z'^ = 0, = z^ in C^/Zfc. Such an embedding breaks the 5'C/(4) x U{l)i, symmetry of 
C^/Zfc to SU{2) X U{1) X C/(l). The SU{2) symmetry acts on {z'^,z'^), the first U{1) acts as 
{z^,z^) (e*"z-^, e*"z^) and the second U{\) acts as {z'^,z'^) (e*°z^, e~*"2;'*). Note that in 
this case the C/(l)fe symmetry is broken. In appendix |C.1| we find that the M2-branes preserve 
4 real supercharges. 

If we take Nc ^ 00, we can replace the color M2-branes by their near-horizon geometry, 
which is AdS^ x The probe M2-branes are now extended along AdS2 inside AdS^ and 

wrap a trivial one-cycle in S"^ /Ijk- In appendix p.2| we analyze the /t-symmetry condition for 
these branes and find (as expected) that after the near-horizon limit the number of preserved 
supercharges has doubled to 8. 

We have embedded the M2-branes such that they do not wrap the M-theory circle that 
shrinks when we reduce to type IIA. Put another way, they break the U{l)h symmetry of the 
geometry because they are localized in that circle direction. We conclude that for large k, 
such that ^ Nc, the M2-branes reduce to D2-branes in type IIA that wrap AdS2 and a 
trivial one-cycle in CF^. 

To summarize: in the type IIB setup we can add D3-branes that produce massless flavor 
fields for both gauge group factors. These D3-branes become M2-branes in M-theory on 
C^/lik that preserve 4 real supercharges. We thus expect that the flavor fields will preserve 
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(in (0+l)-dimensional notation) A/" = 4 superconformal symmetry. The corresponding R- 
symmetry group should be SU{2) ||4^, 50|, and indeed an SU{2) appears in the symmetry 
of the brane contraction. In the next subsection we will comment on the coupling of the 
(0+l)-dimensional flavor fields to the fields of the ABJM theory. 

7.2 Comments about the Field Theory 

We will apply our recipe again, and discuss some complications that arise when we add the 
NS5-branes in Step 2. 

Step 1: Construct the D3/D3 Theory 

In the type IIB setup we introduced D3-branes along (0346). As in section section 6.2 , 
the relevant theory is the D3 /D3 theory written in ref . ||2^ . The full theory preserves 8 real 
supercharges. In the flavor sector we have two (l+l)-dimensional AA = (2, 2) chiral superfields 
Q and Q, which together form an AA = (4,4) hypermultiplet. The flavor fields couple to an 
N = (4,4) vector multiplet. The action is written explicitly in components in appendix D of 
ref. 



Step 2: Add the NS5-branes 

We once again add the NS5- and NS5'-branes along (012345). The brane configuration ap- 
pears in the table below (where we write explicitly only the NS5-brane), followed by a second 
table with the relevant arrangement of fields into (2-|-l)-dimensional and (l-l-l)-dimensional 
multiplets. In the latter table we use the same notation as in section |6.2|. 





0123456789 


Nc D3 
Nf D3 
NS5 


• — — — • — — — 

• — — • • — • — — — 



(2+l)d 


AA = 4 V(A0i2, 345,^3,^3) 


AA = 4 H (yl6,789,F3",F|) 


(l+l)d 


Ar= (4,4) V(^o^ 5789, L»2,F2) 


AA = (4,4) H (Ai,A2,34,F|,F|) 



The (l-l-l)-dimensional defect flavors couple to the (l-l-l)-dimensional N = (4,4) vector 
multiplet, which includes the components of the vector field along both the color and flavor 
D3-branes, Aq and Aq, as well as the scalars transverse to both the color and flavor D3-branes, 
(5789). Following ref. we identify -^2 = {D^ + F12), where D4 is the auxiliary field 
from the (3-|-l)-dimensional AA = 1 vector multiplet of the AA = 4 SYM theory, and F12 is the 
gauge field strength in the (12) directions. The components of the vector field along the color 
D3-branes but transverse to the flavor D3-branes, Ai and A2, and the scalars transverse to the 
color D3-branes but along the flavor D3-branes, (34), appear in an AA = (4,4) hypermultiplet 
that does not couple to the defect flavors. 

We next need to dimensionally reduce in the direction. The defect flavor action 
will then become (O-l-l)-dimensional, giving us our codimension-two flavor. As mentioned in 
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section and appendix^, the brane intersection above preserves 4 real supercharges, hence 
we expect (0+l)-dimensional M = 4 supersymmetry. Clearly the gauge field component Aq 
will become a scalar in (0+l)-dimensions, hence the codimension-two defect flavor will couple 
to five scalars, Aq and (5789). The defect flavors of course also couple to the gauge field 
component ^o- 

After dimensional reduction we then impose the NS5-brane boundary conditions. These 
set to zero Aq and (789), (they are in the (2+l)-dimensional = 4 hypermultiplet, as shown 
above), so the defect fiavors couple only to the single scalar 5. We may identify 5 as the 



single real scalar, called a in section 2.1, in the (2+l)-dimensional J\f = 2 vector multiplet 

that is part of the N = A vector multiplet written above. Notice also that after dimensionally 

reducing and imposing the NS5-brane boundary conditions, a coupling to D2 seems to survive, 

where now D2 = 4= -^12) since the NS5-brane boundary conditions set D/^ = 0, as explained 

■— I v2 
in section |6.2| . 

Step 3: Compactify x^, form the (1, /c)5-brane, and lift to M-theory 

As mentioned above, when we replace one NS5-brane with the (1, A:)5-brane, the D3-brane 
along (0346) preserves 2 real supercharges. In the field theory we thus expect the Chern- 
Simons terms to break the supersymmetry to (0+l)-dimensional M = 2 supersymmetry. The 
R-symmetry should then be U{\). That is consistent with the symmetry in the brane picture, 
where the two f7(l)'s, corresponding to independent rotations in (34) and (78), are broken to 
a single U{1)^ corresponding to simultaneous rotations in (34) and (78). 

Step 4: Take the low-energy limit 

As mentioned above, the flavor D3-brane becomes a codimension-two M2-brane in M- 
theory on C^/Zfc, preserving an SU{2) x U{1) x U{1) subgroup of the isometrics, and 4 real 
supercharges. In the field theory, we thus expect an enhancement back to (0+l)-dimensional 
AA = 4 supersymmetry. We suspect that the SU{2) symmetry is the R-symmetry group 
(which would be consistent with the results of refs. |5^). Notice also the interesting 
feature that the flavor flelds should break the ABJM U{l)h symmetry. This is our only 
example in which that occurs. 

8. SU{4:) Equivalence of Probe Flavor 

Although the ABJM construction starts with a fairly complicated brane setup in type IIB, we 
have seen in section ^ that after the "near-horizon" limit we end up with M2-branes probing 
C^/Zfc. The "near- horizon" limit, that is, zooming in on the C^/Z^ singularity of the space 



Xg mentioned in section |2.3| , discards much of the complicated information of the type IIB 
setup. After taking Nc ^ 00 we reach M-theory on AdS^ x jTL^. 

As mentioned in the introduction, for k = \ the addition of flavor branes in M-theory, 
namely codimension-two M2-branes and co dimension-one M5-branes, was studied in ref. ||33[| . 
There the authors had to consider only one embedding for each probe brane since the 5'0(8) 
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isometry group of or S*^ can map any two supersymmetric embeddings into each other. 
If two brane embeddings are related by such an SO (8) symmetry transformation, then they 
are physically equivalent. In other words, when A; = 1 all supersymmetric codimension-two 
M2-branes are physically equivalent, and similarly for supersymmetric codimension-one M5- 
branes. 

For general k, the Zfc orbifold of breaks the S0{8) isometry group to S'C/(4) x U{l)i,- 
Two supersymmetric brane embeddings may be related by an SO{8) element that is not 
contained in 5C/(4) x U{l)b- In that case, we have two physically distinct ways of adding 
flavor. An interesting question is whether we can fully classify the supersymmetric embeddings 
of flavor branes in the ABJM theory, but that is beyond the scope of this paper. Here, we will 
discuss how to use the unbroken 5C/(4) x U{l)h symmetry to show that certain probe branes 
are physically equivalent although they look very different in the type IIB setup. When that 
occurs, we will call the two type IIB D-branes "5C/(4)-equivalent." 

On the gravity side, we will present three examples of S'C/(4)-equivalent pairs. Two of 



these examples appeared above, in section 4.1, for the codimension-zero KK monopole, and 



section |6.1| , for the codimension-one M5-brane. Here we will present one more example, for a 
codimension-two M2-brane, and we will explore the field theory side more. In the field theory, 
SU{4) equivalence occurs when two different theories flow to the same low-energy fixed point. 
In the language of our recipe, the two different theories are the theories we obtain at the end 
of Step 3, which flow to the same theory at low energy in Step 4. We will present one explicit 
example of such flow in what follows, for the codimension-zero case. 

Two necessary conditions for two D-branes to be S'C/(4)-equivalent are 1.) they become 
the same object in M-theory and 2.) they have the same codimension. More precisely, as we 
do a T-duality along to go from type IIB to type HA, two SU (4)-equivalent D-branes must 
have the same codimension in the directions (012). Furthermore, if both D-branes wrap 
or both do not wrap x^, then they have to be both Dp-branes. Another possibility is that a 
type IIB D(p+l)-brane is equivalent to a type IIB D(p-l)-brane, if the D(p+l)-brane wraps 
and the D(p-l)-brane does not. Notice also that, in M-theory on C^/Z^, the orientation 
of the object does not affect the symmetries it preserves. (That is obvious in the k = 1 
case.) That means that, in addition to an 5f7(4) x U{l)b transformation, we can also reverse 
the orientation of an object, so that, in type IIB, Dp-branes and anti-Dp-branes may be 
5C/(4) equivalent. Finally, an especially important point is that, due to the "near-horizon" 
limit in which the R-symmetry S0{3)ii is enhanced to 5C/(4)/j, two branes in type IIB that 
preserve different amounts of supersymmetry and different subgroups of the S0{3)fi may still 
be 5^7(4) X U{l)b equivalent. 

8.1 Codimension-zero KK monopoles 

We start with the codimension-zero D5-branes along (012789) from section |^. As shown in 
ref. |^2|, these D5-branes become KK-monopoles on C^/Z^ with the embedding equations 
= z^, = z'^. As we argued above, we can perform an S'C/(4) transformation from the 
old coordinates to new coordinates zl^^^, such that the embedding becomes Im(z^g^) = 0, 
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Mi. Explicitly, the SU{A) transformation is 



(8.1) 

What happens if we start with a KK monopole described by lm.{z'^) = 0, Vi and return to 
type IIB (using the results of appendix ^? Up to an SU{4) x U{\)h transformation that 
only changes the constant value of , we find D7-branes along (01235679) (If we reverse the 
orientation of the KK monopole, we can obtain anti-D7-branes, as explained above). These 
D7-branes are SO{?>)r equivalent to the D7-branes along (01234678) listed in table ||. We 
summarize the SU{A) equivalence in the following table. 



Type IIB 


D5 (012789) 


D7 (01235679) 


M-theory 


KK = z^, z2 ^ ^4 


KK lm{z}) = 



We have found two different types of D-branes in type IIB that lead to the same con- 
figuration in M-theory, and are therefore physically identical in M-theory. That might be 
surprising since the D-branes preserve different amounts of supersymmetry and different sub- 
groups of the S0{3)r symmetry in the type IIB setup. We will, therefore, now show on the 
field theory side that both D-branes lead to the same theory upon taking the low-energy limit. 



For the fiavor D5-branes we reviewed the field theory in section 4.2, following refs. I3 



, 32|. The action of the Af = 3 supersymmetric (2+l)-dimensional flavor appears in eqs. 



4.1 and 4.3. Here we will begin instead with anti-D7-branes along (01234678). We will apply 



our recipe once agam. 

Step 1: Construct the D3/D7 Theory 

We begin with D3-branes along (0126) and anti-D7-branes along (01234678). Such an 
intersection preserves 8 real supercharges. The intersection has 4 ND directions, hence we 
obtain non-chiral fiavor propagating in (3+1) dimensions (along (0126)). The field theory 
of the 4 ND D3/D7 intersection is well known: it is (3+l)-dimensional SU{Nc) = 4 
supersymmetric Yang-Mills theory coupled to AA = 2 supersymmetric hypermultiplets in the 
fundamental representation of SU{Nc)- The action is usually written m M = 1 superspace, 
and includes the usual kinetic terms for the flavor fields as well as a superpotential coupling 
for the fiavor fields whose form is dictated by AA = 2 supersymmetry. If we decompose the 
J\f = 4 vector multiplet into an M = 1 vector multiplet and three M = 1 chiral multiplets, 
then the superpotential includes a coupling of the fiavor fields to the M = 1 chiral multiplet 
whose scalars represent fluctuations of the branes in the overall transverse directions, which 
here are (59). For more details about the D3/D7 theory, see ref. ||lH] and references therein. 



Step 2: Add the NS5-branes 

We now add the NS5-brane and NS5'-brane along (012345), and let the D3-branes end on 
them. As mentioned in appendix |A|, the system then preserves 4 real supercharges. Techni- 
cally, we should perform a dimensional reduction from (3+1) dimensions to (2+1) dimensions 
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(since the anti-D7-branes are extended along x^) and then impose the NS5-brane boundary 
conditions. We know what the result has to be, however. The NS5-brane boundary conditions 
set to zero the scalars (789). That means that after imposing those boundary conditions, the 
flavor fields couple only to the single scalar 5. We also know that the theory has 4 real 
supercharges, or in (2+l)-dimensional language, N = 2 supersymmetry. The fiavor fields 
must of course have kinetic terms, with the usual coupling to the N = 2 vector multiplet. 
The key observation is that the M = 2 vector multiplet includes a single real scalar (which, 
recalling the type JIB construction of the ABJM theory, must indeed be 5). We can conclude 
that the (2+l)-dimensional fiavors have no superpotential: any superpotential coupling must 
preserve N = 2 supersymmetry, and hence must be a coupling to an AA = 2 chiral superfield, 
but that would introduce couplings to additional scalars that are obviously absent here. In 
short, the fiavor fields only couple to enough scalars for an M = 2 vector multiplet! The 
(2+l)-dimensional action in the fiavor sector is then simply the M = 2 kinetic term, whose 



explicit form appears in eq. (4.1). 



Step 3: Compactify x^, form the (1, A;)5-brane, and lift to M-theory 

As usual, these steps leave the form of the fiavor action untouched. Notice also that in 
this case the supersymmetry remains J\f = 2 throughout. For example, table |^ in section 



3.1 shows that after we form the (1, /c)5-brane the system still preserves 4 real supercharges. 
Notice also that the symmetries of the field theory and the brane construction agree. N = 2 
supersymmetry has a U{\) R-symmetry, and the anti-D7-brane along (01234678) clearly 
preserves the U{1) subgroup of 50(3)r that rotates (34) and (78) simultaneously. 

Step 4: Take the low-energy limit 

Now we come to the crucial step. We must write all terms consistent with M = 2 
supersymmetry, the U{1) R-symmetry, and the U{l)h symmetry. Here we will borrow some 
arguments from ref. |^^. Only one such term exists, a coupling to the M = 2 chiral fields 
of the form written in eq. ( |4.2| ). We must therefore add such a term to the superpotential, 
with some coefficient. Arguments similar to those in ref. pO| , based on the sign of the 
two-loop beta function, then suggest that the coefficient fiows to precisely the right value to 
produce the enhancement to AA = 3 supersymmetry. The coupling is then identical to the 
term in eq. (|4.2| ) , and we thus recover exactly the same theory as in section ^ 

We have thus seen how two different field theories flow to the same low-energy fixed 
point, and hence how 5'f7(4)-equivalence appears on the field theory side. Notice that these 
two theories preserved different symmetries: the D5-brane along (012789) preserved the whole 
S'0(3)r while the anti-D7-brane along (01234678) preserved only a U{1) subgroup. We now 
turn to other examples, of higher codimension. 

8.2 Codimension-one M5-branes 

We return to the codimension-one D3-brane along (0137) from section ^. These become 
D4-branes after T-duality in x^. Uplifting to M-theory and taking the "near-horizon" limit 
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gives M5-branes in M-theory on C^/Z/j. Using the results of appendix ^ we find that the 



embedding of the M5-branes is described by the equations 



z^, z^ 



In section ^ 



we used an SU (4) transformation to produce new embedding equations. The transformation 
was 



1 

7!' 



j=y^z% 

(8.2) 



so that the embedding equation becomes z^g^ = z^g^ = 0. The M5-brane is thus extended 
along (01) and z^g^ and z^g^. Going back to type IIB this embedding corresponds to the 
D5-branes along (013456). The D3-brane along (0137) and the D5-brane along (013456) are 
thus SU{4:) equivalent. We summarize the SU (4) equivalence in a table: 



Type IIB 


D3 (0137) 


D5 (013456) 


M-theory 


M5 z^ = z'^ , z^ = z"^ 


M5 zi = z^ = 



Here we will briefly comment on the action that we obtain from the D5-brane along 
(013456). 

Step 1: Construct the D3/D5 Theory 

We begin with the action describing the (2+l)-dimensional defect fields in the D3/D5 
intersection, which is the same action we mentioned in section ^ originally constructed in 
refs. Il^, [l^. Once again, the (3+l)-dimensional Af = 4 vector multiplet decomposes into 
two (2+l)-dimensional multiplets, an = 4 vector multiplet and an = 4 hypermultiplet. 
The flavor fields couple only to the = 4 vector multiplet. 

Step 2: Add the NS5-branes 

We now add the NS5- and NS5'-branes along (012345). The brane configuration appears 
in the table below. Notice that we must dimensionally reduce the defect action along 
because the flavor D5-brane is now along x^. We also of course have a new decomposition of 
fields from (2+1) dimensions to (1+1) dimensions. 





0123456789 


iVg D3 
Nf D5 
NS5 


• — — — • — — — 



We write the reduction of the fields in the table below. The first line is the arrangement of 
fields that is relevant for the D3/D5 intersection, that is, the flavor fields in that intersection 
couple to the = 4 vector multiplet listed in the first line. The second line is then the 
arrangement of fields relevant for ABJM. The last line is the dimensional reduction of the 
first line to (1+1) dimensions, which is relevant for the D3/D5 intersection when x^ is compact. 
In particular, notice that if we rewrite the action for the (2+l)-dimensional defect fields in 
the D3/D5 system in terms of (l+l)-dimensional fields, the flavors couple to the M = (4,4) 
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vector multiplet whose four scalars are (789) (transverse to both color D3-branes and flavor 
D5-branes) and the vector field component Aq (along the reduced direction). 



(2+l)d D5 


Af = AY {A^^^ 789, Fd5,Dd5) 


AA = 4 H (^2,345,^^5,^1,5) 


(2+l)d NS5 


M = AY {AI^\345,Fns5,Dns5) 


AA = 4H(^6,789,F^S5,F^55) 


(l+l)d 


AA= (4,4) V (^01,^6, 789, 1)2,^2) 


AA = (4,4)H(^2,345,F2^F|) 



At this stage, the system preserves 4 real supercharges, as mentioned in section |3.1| and 
appendix The flavor fields will necessarily be non-chiral, since they come from the dimen- 
sional reduction of a (2+l)-dimensional theory. We thus expect an = (2, 2) supersymmetric 
action, which will include the kinetic term and possibly a superpotential. 

The theory we obtain in this fashion is very different from what we obtain from the D3- 
brane along (0137). Here, the boundary conditions due to the NS5-branes set to zero all four 
scalars in the M = (4, 4) vector multiplet, namely Aq and (789). That suggests that the flavor 
fields do not couple to any M = (2, 2) multiplet, simply because the defect flavor fields couple 
to no adjoint scalars Furthermore, J\f = (2,2) supersymmetry has the wrong R-symmetry 
to describe a D5-brane along (013456). M = (2,2) supersymmetry has a U{1) x U{1) R- 
symmetry, while the D5-brane clearly preserves the full 50(3) x S0{3) symmetry acting on 
(345) and (789). 



Step 3: Compactify x^, form the (1, fc)5-brane, and lift to M-theory 

Forming the (1, k)5-hra.ne breaks one real supercharge. The theory we obtain at the end 
of Step 3 thus has 3 real supercharges and describes defect flavor fields that couple to no 
adjoint scalars, although of course they still couple to the gauge field components Aq and Ai. 
Whatever this theory is, we predict that in Step 4 it flows at low energies to the theory we 
discussed in section |6|. We leave the details of that analysis for future research. 

8.3 Codimension-two M2-branes 



Here we return to the D3-branes along (0346) from section 0. As mentioned in section 7.1 , 
these D3-branes along (0346) become M2-branes on C^/Z^ with the embedding given by 



= z" = 0, = re"^"" ' 2 
perform an SU{4) transformation. 



=«{j/o+-^) 



re 



i(yo- 



4z± 



\ where yo and Xg are constants. We now 



1 



1 



z^+e-<z^ 



-e^oz^ + z^ 



1 

71 



z^ + e 



^■^As shown in refs. |l9j, the defect flavor fields in the D3/D5 intersection do couple to normal derivatives 
of some adjoint scalars. More precisely, terms involving the derivative 82 of the scalars (345) appear in the 
defect action as F-terms, that is, they appear in combination with the auxiliary field we called Fds- Whether 
these scalars can solve this problem is not clear to us. 
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such that the embedding becomes 



'^new ' new \/2 ' 

"^new ' new 

This embedding describes, in type IIB, a D3-brane along (0678). We have thus shown that 
the D3-branes along (0346) and (0678) are 5?7(4)-equivalent. We summarize the S'C/(4) 
equivalence in a table: 



Type IIB 


D3 (0346) 


D3 (0678) 


M-theory 


M5 = z2 = 0, = e^(2yo+^S)^4 





Here again we will just comment briefly on the field theory. 



Step 1: Construct the D3/D3 Theory 



We begin again with the D3/D3 theory of ref. [24|, which we mentioned already in sections 
P and 0. In this case, the flavor fields are confined to propagate along the (l+l)-dimensional 
defect in the (06) directions. The defect flavors couple to an = (4, 4) supersymmetric vector 
multiplet that includes the scalars (3459), transverse to both the color and flavor D3-branes. 



Step 2: Add the NS5-branes 

We add the NS5- and NS5'-branes along (012345). At this stage the system preserves 4 
real supercharges, as mentioned in section and appendix We must also dimensionally 
reduce the defect action along x^, since the flavor D3-branes are extended in x^. We thus 
expect a (0+l)-dimensional defect action with M = 4 supersymmetry. The theory should 
preserve the same symmetries as the theory we obtain from the D3-brane along (0346): clearly 
in the brane description both flavor D3-branes preserve the same SO{2) subgroup, rotating 
(34) and (78) simultaneously, of the SO{3)r, that rotates (345) and (789) simultaneously. 
The couplings of the two theories are very different, however. For the theory from the D3- 
brane along (0346), the defect flavors couple to the scalar 5. For the theory from the D3-brane 
along (0678), the defect flavors will couple to the three scalars 345, since the scalar 9 is set 
to zero by the NS5-brane boundary conditions. 



Step 3: Compactify x^, form the (1, A;)5-brane, and lift to M-theory 

Forming the (1, A;)5-brane breaks two real supercharges, so the theory then has (0+1)- 
dimensional N = 2 supersymmetry. The prediction of SU{A) equivalence is then that, in Step 
4, this theory flows at low energy to the same = 4 supersymmetric theory we obtain from 
the D3-brane along (0346). We leave the details of that analysis to future research. 
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9. Conclusion 



We have studied a large class of supersymmetric flavor branes in the brane construction 
of the ABJM theory, and provided a general method to derive the corresponding field the- 
ories. We applied our method to four different examples. We first studied codimension- 
zero M = 3 supersymmetric fiavor, which appeared in the supergravity description as D5- 
branes/D6-branes/KK-monopoles. We then studied codimension-one chiral M = (0,6) su- 
persymmetric fiavor, which appeared in supergravity as a D7/D8/M9-brane. Next we studied 
codimension-one non-chiral M = (3, 3) supersymmetric fiavor, which appeared in supergrav- 
ity as a D3/D4/M5-brane. Finally we studied codimension-two AA = 4 supersymmetric fiavor, 
which appeared in supergravity as a D3/D2/M2-brane. In all cases we discussed both the 
supergravity description and the field theory description. On the supergravity side we stud- 
ied the embedding of the brane/monopole in supergravity and the symmetries it preserved, 
including the number of supersymmetries. For the first two cases, on the field theory side we 
wrote the kinetic terms and couplings of the fiavor fields explicitly and matched the symme- 
tries to the supergravity description. In the last two cases we took steps toward constructing 
the Lagrangians, commenting in particular on the symmetries. Finally, we argued how in 
general different probe branes in type IIB can become physically equivalent in M-theory and 
therefore give rise to the same field theory. 

Our work is only the tip of the iceberg. Many extensions and generalizations are possible. 
We did not explore the matching of supergravity fields to field theory operators. Many 
deformations are also possible, for example, we can give the fiavor fields a (supersymmetric 
or non-supersymmetric) mass in various ways. A nonzero mass (which breaks scale invariance) 
would allow us to compute meson spectra along the lines of ref. We can also deform the 
background, for example by replacing with a cone over some non-trivial seven-dimensional 
manifold, such that the theory to which we add fiavor would have reduced supersymmetry. 
We can also ask what role fiavor fields play in various dualities, such as mirror symmetry [51]. 
More general types of probe branes are also possible ||5^, for example the author of ref. |53] 
studied the addition of co-isotropic codimension zero probe D8-branes on the gravity side, 
and the authors of ref. [54| studied more generally the addition of codimension-one domain 
walls. Many applications are also possible, especially in the context of hydrodynamics and/or 



condensed matter physics, for example along the lines of refs. [55, |5g, 57] (as just a small 
sample). 

Another particularly interesting extension of our work would be to study back-reaction 
effects. The effect of the KK monopoles on the metric of eleven-dimensional supergravity 
has already been studied in refs. [^6], ^ ^]. As stated in ref. [^], when we include back- 
reaction we should see that the D4/M5-branes change the rank of the gauge group(s). The 
back-reaction of the M5-branes can in principle be studied using the methods of ref. |5^ 



As stated in refs. [^, ^9], 60 [, when we include back-reaction the D8-brane will source the 
Romans mass (Ramond-Ramond zero- form field strength) , which means that the sum of the 
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Chern-Simons levels of the two gauge groups will no longer be zero. 
We plan to study these and various related issues in the future. 
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Appendix 

A. Supersymmetry of Type IIB Probes 

In this appendix we will add supersymmetry-preserving D-branes to the type IIB setup of 
the ABJM theory. Our starting point is the list of probes in ref. [^], since these are known 
to be mutually supersymmetric with respect to the D3-branes, but now we have two new 
ingredients: the NS5-branes and the (l,k)5-brane^'^. These new ingredients break the "usual" 
SO{Q) symmetry, which rotates the (345789) directions into one another, down to the SO (3) 
that rotates (345) and (789) simultaneously. 

As mentioned in section |3.1| , we limit our search for supersymmetric probes by imposing 
four constraints. First, we consider only D1-, D3-, D5- and D7-brane probes (the list from 
ref. 1^]). Second, we do not separate any probes from the D3-branes in overall transverse 
directions. Third, when we consider multiple probes, i.e. Nj > 1, we do not separate them 
from each other, so that they retain a U{Nf) symmetry. Fourth, we consider only probes 
aligned along the coordinate axes. More generally the probe brane could be at an angle with 
respect to these axes. We studied a few special cases of probes at angles (see below) and 
found that such probes never appear to exhibit enhanced supersymmetry. 

Our results are summarized in table |l] in section reproduced here as table ^ The 
details of the notation (such as the column headings) appear in section 

^''Another new ingredient is that the direction is compact. While that is crucially important for deriving 
the low-energy (2-|-l)-dimensional worldvolume field theory, it will not affect the counting of supersymmetries. 
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Type IIB 


Type IIA 


M theory 


codim 


wrapping 


SUSY 


SUSY (anti) 


Dl 


D2 


M2 


2 


0(7) 


2 


2 


D3 


D2 


M2 





0126 


6 





D3 


D4 


M5 


1 


01(37) 


3 


3 


D3 


D4 


M5 


1 


01(38) 


2 


2 


D3 


D2 


M2 


2 


0(34)6 


2 


2 


D3 


D2 


M2 


2 


06(78) 


2 


2 


D5 


D6 


KK 





012(347) 


2 


2 


D5 


D6 


KK 





012(349) 


4 


2 


D5 


D6 


KK 





012789 


6 





D5 


D4 


M5 


1 


013456 


3 


3 


D5 


D4 


M5 


1 


01(378)6 


2 


2 


D5 


D4 


M5 


1 


01(389)6 


3 


3 


D5 


D6 


KK 


2 


0(34)789 


2 


2 


D7 


D6 


KK 





0126(3478) 


2 


4 


D7 


D6 


KK 





0126(3479) 


2 


2 


D7 


D8 


M9 


1 


01345789 


3 


3 



Table 2: List of D-branes (extended along the coordinate axes) that we can add to the type IIB 
construction while still preserving some supersymmetry. 



To count unbroken supercharges we follow ref. [43| very closely. In particular, we perform 
a different T-duality from the one that leads to the ABJM theory: we T-dualize in x^, not x^, 



and then lift to M-theory. The type IIB construction reviewed in section 2.2 then has a very 
simple interpretation in terms of M-branes alone (rather than M-branes in some nontrivial 
geometry). The D3-branes become M2-branes along (016), the NS5-brane becomes an M5- 
brane along (012345), and the (1, A;)5-brane becomes an M5-brane tilted at an angle 6 in the 
(37), (48), and (59) directions and an angle —9 in the (2#) directions, relative to the other 
M5-brane, where tan 6 = k. 

Let e denote the 32-component Majorana spinor and Ta the 32 x 32 F-matrices of 11- 
dimensional supergravity. The F matrices obey the flat space Clifford algebra {Ta,^b} = 
'^'HAB, where we use a mostly-plus metric. Let Tabc... denote the totally antisymmetric 
product of F-matrices, equivalent to the usual product due to the Clifford algebra. The 
product Foi23456789# = I32, where I32 is the 32 x 32 identity matrix. 

The M2- and M5-branes give rise to projection conditions on e, 

Toiee = £) roi2345e = -Rroi2345 R ""^e = £) (A.l) 

where the last condition, for the rotated M5-brane, involves the rotation matrix 

RiO) = exp (-^r2# + ^F37 + ^F48 + ^Fgg) . (A.2) 
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Notice that R ^{6) = R{—9). Making use of the fact that all of the F-matrices in R anti- 
commute with roi2345, we can simplify the condition for the rotated M5-brane, 

-Rr012345 R = -R^roi2345e = = ^, (^-3) 

where we used the projection condition for the un-rotated M5-brane. We can then write the 
rotated M5-brane's projection condition as (i?^ — 132)6 = 0. At this point we need to write 
the matrices appearing in the projection conditions explicitly, in order to count the number 
of preserved supercharges. Following ref. we use a basis in which the following set of 

mutually-commuting matrices are diagonal: 

r012345 = (I16)— lie) 

Toie = (I2, -I2, -I2, 12, -I2, 12, 12, -I2, • • •) 

r2#37 = (Is, -Is, • • •) 

r2#48 = (I4, — 14, 14, — 14, • • •) 

r2#59 = (I2, -I2, 12, -I2, 12, -I2, 12, -I2, • • •)• 

In this basis, the matrix in the projection condition for the rotated M5-brane becomes 

R^ - I32 = 2RT2# (sin(-20)l2, sin(-0)l2, sin(-0)l2, 02, sin(-0)l2, 02, 02, sin(0)l2, . . .) • 

(A.4) 

The 02's in this equation that overlap with the 12's in Foie indicate which components of e will 
be preserved, hence the full system of M2-brane, M5-brane, and rotated M5-brane preserves 
6 real supercharges. 

To study probe branes we first need to translate all the type IIB D-branes to the M-theory 
description, which produces various M2- and M5-branes, as well as KK monopoles. We will 
not present every case in detail, rather, we will just show a few representative examples, with 
decreasing amounts of supersymmetry. 

First we note that when k = 0, such that the rotation matrix R is simply the identity (and 
in the type IIB description we have just NS5-branes), all of the objects we study preserve 4 
real supercharges, with two exceptions: the D3-branes along (0126) and the D5-branes along 
(012789). These two D-branes preserve 8 real supercharges when k = 0. 

For nonzero k, the easiest example is in fact the D5-brane along (012789) (see also 
refs. [p9| , ^), which upon T-duality in x"^ and lift to M-theory becomes an M5-brane along 
(01789#). The projection condition is Foi789#e = e. We can use Foi23456789# = I32 to write 
roi7S9# = roi6roi2345, hence this M5-brane does not impose any additional constraint on e, 
and preserves 6 real supercharges. 

An example preserving 4 real supercharges is a D5-brane along (012349), which upon 
T-duality in and uplift to M-theory becomes an M5-brane along (013497^). In this case we 
use I32 = -r25r25 to write Foi349# = -roi2345r2#59- In the upper-left 16 x 16 block, F012345 
is simply the identity, so in this subspace Foi349# = — F2#59. Using the F-matrices written 
explicitly above, we can count that this probe preserves 4 real supercharges. The same steps 
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obviously apply for cases related to this one by S0{3) rotations. An anti-D5-brane will have 
~roi349# = r2#59, and hence will preserve 2 real supercharges. 

An example preserving 3 real supercharges is a D3-brane along (0137). Here we first 
rotate the D3-brane so that it is extended along (0237), which then becomes an M2-brane 
along (037). We insert I32 = —T2#T2# to write Tos? = — ro2#r2#37. We need to know the 
additional T matrix, 



Each (Ti imposes an additional constraint on the two components of e in that 2x2 block, 
hence this brane "kills" half of the supercharges, i.e it preserves 3 real supercharges. 

The cases preserving 2 real supercharges are slightly more involved. For example, consider 
the Dl-brane along (07), which becomes an M2-brane along (027). Inserting I32 = r3r3 we 
have ro27e = — r23ro37e = e. We know that Tq^j is 2 x 2 block-diagonal in this basis, but r23 
is not (it can be written as r23 = — i I2 I2 "SD ® o"i ® 12)- Nevertheless, these cases are 
straightforward to check explicitly, although we will not present the details. 

As mentioned above, we could also consider probe branes rotated with respect to the 
coordinate axes. In principle, such branes could have enhanced supersymmetry. We have 
not analyzed all possible rotations. For many of the branes in our table we considered the 
special case in which the brane is rotated by one angle in the (37), (48) and (59) planes 
simultaneously and by an independent angle in the (2#) plane. In all cases the rotated brane 
never exhibits enhanced supersymmetry, and in most cases preserves fewer super symmetries. 

B. Type IIB to M-theory 

When we add flavor branes to the brane construction of the ABJM theory, many aspects 
of the field theory are best understood from the type IIB description, while the symmetries 
and the amount of supersymmetry preserved become manifest after the "near-horizon" limit 
in M-theory. To determine where the probe D-branes of the type IIB setup end up in M- 
theory on R^'^ x C^/Zfc, we need to find the coordinate transformations from the type IIB 
coordinates, x"^ with m = 0, . . . , 9, to the M-theory coordinates z^, i = 1, 2, 3, 4 on C^. Our 
objective in this appendix is to write the in terms of the x^ (and vice versa) explicitly, so 
that we can translate directly between the two coordinate systems. 

As reviewed in section |2.3| , when we T-dualize along x^ and then lift to M-theory, the 
NS5-brane and (1, A:)5-brane both become KK monopoles in M-theory extended along (012), 
so that we only need to consider the eight other directions, which we denote by 



r02# = (0'l,C7l,-(Tl,-(Tl,(Tl,(Tl,-CJi,-Cri,...) , 

where o"i is the first Pauli matrix, cti = ((0, 1), (1, 0)). We thus have 

Tosre = -ro2#r2#37e = (-('"i, -fii, cJi, ai, ai, ai, -cri, -fii, . . .) e = e. 



(A.5) 



(A.6) 




(B.l) 
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Both X and x' have 2tt periodicity. The metric describing the intersection of the two KK 
monopoles is |62] 

ds^ = Uijdx^ • dx^ + U'^{d^i + Ai){dipj + Aj), (B.2) 
A, = dx^ • Coji = dxiiutj, d^^^col - d,,u;]i = e'^^'^d^.U^, (B.3) 

where is the transposed inverse of Uij. Notice in particular that the metric is uniquely 
determined by the matrix U and that the equations are linear in U so that we can obtain the 
configuration for two monopoles simply by linear superposition. 

The NS5-brane becomes a KK monopole associated with the circle ipi = x^ and transverse 
directions x^ . The corresponding U matrix reads 

f^f'^l + f"'"!. ' (B.4) 

The identity matrix in U indicates that asymptotically the space is x T^. The (1, A;)5-brane 
is rotated in the {x^,x^)- and (/72)-plane. The U matrix of such a KK monopole is 

The metric describing the two intersecting KK monopoles is then 



The metric in eq. (|B.2| ), with the U matrix in eq. ( [B.6| ), is the metric of the space Xg 
mentioned in section |2.3| . 

To relate the type IIB coordinates ipi, (p2, x^ and to the coordinates z*, we proceed 
in five steps. The first step is to take the "near-horizon" limit ^ that we described in section 

The four subsequent steps are simply changes of coordinates. 

The "near-horizon" limit consists of taking 5;^ ~ ~ 0, which in simple terms means 
we drop the identity matrix from the U in eq. ( |B.6| ). 

Now we change coordinates four times. The first change of coordinates will diagonalize 
the new U, producing the "near-horizon" metric of strictly perpendicular KK monopoles 

x^ = x\ x"^ = x^ + kx^, (B.7) 
= x6 - IxK A = \x\ (B.8) 



with new U matrix [/', 




1 

2|x'2| 



[7'=M^ 1 ). (B.9) 
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The new circle coordinates, ip\, i = 1,2, are 2tt periodic, but the 2tt periodicity of leads to 
an extra identification 

27r 

{^[,ip'2) ~ (vj'i, v^'s) + —(-1, 1), (B.IO) 

that is, if we shift ip^ by a multiple of ^ and simultaneously shift by the opposite amount, 
we end up at the same point. The above periodicity leads to the Ijk action on C^, as we will 
see below. In the new coordinates we have two perpendicular KK monopoles so we will treat 
them simultaneously. The Taub-NUT metric of a single KK monopole in the "near-horizon" 
limit is 

dsf = ^Ax'f + 2\x''\ {d^[ + Aif, (B.ll) 

where i = 1,2 labels the KK monopoles. 

Now we do the second change of coordinates, which is simply a change from Euclidean 
to spherical coordinates, (dx'*)^ = drf + rf{d6f + sin'^Oidcpf), so that we obtain 

1 r- / 1 \^ 

dsf = —drf + ^ {ddf + sin^^i^^) + 2ri id^', + - cos j , (B.12) 

where we have used Ai = ^ cos 9 {dcpi. 

In the third change of coordinates we define a new radial coordinate = pf/2 and new 
angles (p'^ = ipi/2. The metric then becomes that of fiat space, with an extra identification, 

ds} = dp^i + -^{dOf + #f + dilj'i + 2 cos Oidcpidi^i) . (B.13) 

The three angles have ranges < 0j < vr, < < 27r and < ipi < 47r, and the ipi have the 
extra identification 

(V^i,V2)~ (^1,^2) + y (-1,1), (B.14) 



following from eq. ( B.IO ) 



In the fourth and final change of coordinates, we introduce complex coordinates for the 
first KK monopole, 

^i = p,cos(^^)e-^('^i+^^)/2, = p,sm(^^y-'(^^-^^y\ (B.15) 
while for the second KK monopole we choose something similar, but with i — > —i. 

In these coordinates, the Taub-NUT metrics in the "near- horizon" limit have become 

dsl = dz^dz^ + dz'^dz^, ds^ = dz^dz^ + dz'^dz^, (B.17) 
and the transformation of eq. ( |B.14| ) acts as — > e~z*. 
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Tracing back through our coordinate transformations, we can write the original type IIB 
coordinates (plus x") in terms of the z*: 



arg {z^z'^z^z'^) 



arg {z z 



9 

I X^ 



I Re(ziz2) 
— Imfz^z^'' 




Re(ziz2) 
-\m{z^z^) 



(B.18) 
(B.19) 

(B.20) 
(B.21) 



,1|2 



Inverting the above expressions, we can write the in terms of the type IIB coordinates (plus 



v2|2 



.3|2 



.4 1 2 



(x^ + A;x^) + V(x7 + fex3)2 + (xS + kx^Y + (x9 + fex5)2, 
-(x*^ + kx^) + x/(x'^ + A;x3)2 + (x^ + kx^Y + i^^ + ^a:^)^ 



arg z 



arg z 



arg z 



arg z 



X g 

X 

k 



1 X* 

- arctan 

9 nr ' 



(B.22) 



Xf 1 x^ 

X H — arctan 

k 2 x' 

x" 1 X® + fex^ 

x" 1 x^ + fex"^ 
arctan ■ 



k 



x' 



+ kx^ 



Recall that the z^ transform as a 4 of SU{A), which clearly acts nontrivially on the x™". 
The U{l)b is just a common phase shift e*"^*. The only coordinate that changes under 
the U{l)h is x", which shifts as x^ — > x" + /ca. 

As explained in section 2.4, we can take a large- A'^c limit in M-theory, so that the geometry 
becomes AdS^ x jTL^^ and then take also large /c, so that a circle in M-theory shrinks and 
we obtain type IIA in AdS/^ x CF^. Where in the geometry is the circle that shrinks when 
k — > oo? To answer this question, notice that the circle direction 



1 / -1 -2 S 4\ 

- arg \z z z z ) 



(B.23) 



is invariant under the action, hence the circle that shrinks when A; — > oo must be part 
of x". To show this explicitly, we return to our third change of coordinates, which involved 
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the angles ■01 and ■02) with Zjt acting as in eq. ( B.14 ). Tracing back through the changes of 
coordinates, we find = ^ {ipi +02)) which is of course invariant, and = f 02, on which 
the Zfc acts as a 27r shift. We can then define a coordinate y, 

y = 1(02-0,) = -ia;6 + lx«. (B.24) 

such that the Z^. acts as y ~ but leaves all other coordinates invariant. The direction y is 

thus the circle that shrinks when k ^ oo. From a type IIB perspective we are "decomposing" 
as x" = /cy + In terms of the z*, 

1 x6 01 2 2;*^ 01 

argz =y-^ argz = ^ ~ y + Y' 

3 , , 02 4 , 2;^ 02 
argz =y + Y + Y' ^^S^ ^^"^^ 2"' 

which shows that y is simply the sum of the phases of the z*. 

A crucial question is whether a D-brane in type IIB remains a D-brane in type IIA on 
AdS/i X CF^. After T-duality from type IIB, when we first lift to M-theory, the circle x" opens 
up. We then take the "near-horizon" limit and A^c ^ 00 to obtain M-theory on ^^5*4 x S'^ fZk, 
and then we take large k, so that the y circle shrinks, and the theory reduces to type IIA on 
AdSi X CF^. In short, x^ opens up but y shrinks. A D4-brane in type IIA will become an 
M5-brane when x" opens up, but what happens when y closes? Does the M5-brane reduce to 
a D4-brane again, or an NS5-brane with D4-brane flux? 

The easiest way to see what happens is to return to our first change of coordinates, and 
in particular to consider the torus spanned by the coordinates (p'l = x^ — -^x" and = ^xK 
These two coordinates are orthogonal (as opposed to, say, x^ and x"). The action on 
these coordinates appears in eq. ( [B.10| ). We draw the fundamental domain of the {if'^,ip2) 
torus in the figure. We also indicate the y direction in the figure, where in these coordinates 
y = ^ {^2 ~ fi)- The generators of homology are the y and ipi axes as drawn, i.e. these form 
a basis of one-cycles. When A; — > 00, the upper bound of the fundamental domain moves 
down, so that the parallelogram collapses (in the y direction) onto the ip'i axis. The cycles 
that shrink in this process are all the ones that have net winding around y and zero winding 
around (p'^. The shortest cycles that shrink are parallel to the y-axis, so here again we identify 
y as the M-theory circle (when descending to type IIA on AdS^ x CF^). 

Let's consider what happens to our fiavor branes when x^ opens up and then y collapses. 
We have four options: a brane can wrap x" but not x^, x^ but not x", or a brane can wrap 
both, or a brane can wrap neither. 

Consider a brane that wraps x" and sits at fixed x^. The key point is that, from the 
definition of ^p'l and (^2, we immediately see that such a brane will be parallel to the y-axis, 
so such a brane will return to whatever it was in IIA. For example, a D4-brane localized in 
x^, which lifts to an M5-brane wrapping x^, would descend back to a D4-brane localized in 
x^ when y closes. 
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271 



Figure 1: The torus spanned by (v5i,</'2)- We have indicated the fundamental domain (the parallel- 
ogram) and the y direction (the dotted line) . A basis of one cycles is a curve in the y direction and 
a curve in the ip'i direction. When k — > oo, the y circle shrinks, and the parallelogram collapses onto 
the ip'i axis. 

Now consider a brane that wraps and sits at fixed x". Such a brane will extend along 
(p'^ at fixed (a horizontal line in the figure). Since (p'l is the direction that remains when 
k ^ oo we see that such a brane again returns to whatever it was (now in IIA on AdSi x CF^). 

The last two cases are basically trivial. A brane that wraps both directions or neither will 
return to whatever it was. For example, a D2-brane localized in will lift to an M2-brane 
that wraps neither x^ nor x", and will return to a D2-brane localized in x^ when y collapses. 
A D4-brane wrapping x^ will lift to an M5-brane wrapping both x^ and x", and hence will 
wrap the entire (99'^, (/jg) torus, and will become a D4-brane wrapping x^ when y collapses. 

To summarize: x" opens up and y shrinks, and all D-branes remain the same D-branes 
when we go to IIA on AdS4 x CF^. 

C. Supersymmetry of M-theory Objects 

In this appendix we will calculate the supersymmetry preserved by probes added to the Nc 
M2-branes along F^'^ sitting at the origin of C^/Z^ and also for probes added to the near- 
horizon geometry of A'^c — *■ co M2-branes, AdS^ x S"^ /Zk (see U] for similar calculations). 

The number of supersymmetries preserved by our probes is the number of solutions of 
the K-symmetry condition 

r.e = e, r, = i--Lei2--7i2...n, (C.l) 

where e is the 32-component spinor of the background, n is the dimensionality of the object 
(KK monopole or M-brane), and gmn = dmX^ dnX-^ gjj and 7m = dmX^ c^jTa are the pull- 
backs of the background metric and the F-matrices to the world volume of the object. Here 
represent the scalars on the worldvolume of the object, e^j are vielbeins, and A,B . . . are tan- 
gent space indices. The Ta satisfy the tangent space Clifford algebra {Fyi, r^} = 2r]AB, where 
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we use a mostly-plus metric. We calculate the spinor e by demanding that the supersymmetry 
transformation of the gravitino, ^, vanishes 

^^i = {O, + l-f' r^s) e - ^ {rr^^F^^lcD - Sr^^^FjJ^^) e = 0. (C.2) 

Here ujf^ is the spin connection and F^^^ is the four-form field strength of M-theory, while / 
is a general coordinate index [A, B, C, D are still tangent space indices). 

C.l Objects in R^,! x C^/Zfc 

In this subsection we will consider M-theory on R^,! x C^/Zk, without flux (F^^) = 0). We 
add M2-branes along R^'^ and a variety of KK monopoles and M-branes. We will use polar 
coordinates on such that = e*"^' . The metric is 

4 

ds^ = -{dxy + {dx^f + {dx^f + ^{drf + rfdiff). (C.3) 

2=1 

In these coordinates the spinor on R^'^ x is 

jfXr if2.r j!£3.r i!£±r , r ,\ 

e = e* 2 '-^m 2 '-^2^2 2 '^^3^3 e* 2 ^-^4^4 eo = Meo, (C.4) 

where eo is a constant 32-component spinor. The Z/j acts as — > (/jj + Vz. We write 
eo as a sum of eigenspinors esis2S3S4 that satisfy Fri^^^es-^sisasi = iSiCs^sisasi for i = 1, . . . , 4, 
where Si = ±1. For the spinor to be invariant we demand that ~ for k > 2. This 

means that of the 16 combinations of (si, S2, S3, S4) = (±1, ±1, ±1, ±1), we project out 10 
combinations and preserve 6. A spinor in R^'^ has two real components so that the 6 preserved 
combinations correspond to a total of 12 real preserved supercharges. From Y^ - Sj = we 
find that Hi •^j = ^ therefore that e = roi...r4(p4e = ^012(1)^ 81828^846 = roi2e, so the 
projection condition for the color M2-branes is automatically satisfied, i.e. the M2-branes do 
not break any additional supersymmetry. 

Now we can calculate F^ for any given embedding using eq. ( p.l| ), check how many 
supercharges are preserved by the condition^^ F^e = e <^ M~^FKMeo = eo, where eo is the 
12-component spinor from above. The calculation is fairly easy. We summarize our results in 
table III, and work out explicit examples in the more complicated background of AdS^ x S^/Zfc 
in the next subsection. In the table we restrict ourselves to objects that sit at the origin of 
C^/lik- We can use the S'[/(4) x U{1) symmetry to set any constant phase factor to zero 
so that configurations that differ from those in the table by constant shifts in any of the ipi 
preserve the same amount of supersymmetry. The table contains the four examples studied 
in this paper and also some other easy configurations. The second column indicates what the 
resulting object is in type II A for k ^ 00 and the third column gives the codimension of the 
probe in R^'^. 

^^The cautious reader might worry whether this procedure is applicable to KK monopoles and the mysterious 
M9-branes. We will not give a direct proof, rather we will think of this one condition as a combination of the 
two projection conditions for the left- and right-handed spinors for D6- and D8-branes in type IIA. 
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M-theory 


Type IIA 


codim 


real supercharges 


worldvolume coordinates 


M2 


D2 





12 


n 1 2 


KK 


D6 





6 


X°,x\x2,ri,r2,r3,r4 


KK 


KK 





8 


™0 ™1 ™2 -,1 — „2 „3 — 


M5 


D4 


1 


6 


X°, X"^, = z^, = z^ 


M5 


NS5 


1 


6 




M9 


D8 


1 


6 


x^,x^,ri,ipi,i = 1,2,3,4 


M2 


D2 


2 


4 


a;°,r3 = ri,ip3 = -cp^ 


M2 


Fl 


2 


6 





Table 3: List of supersymmetry-preserving objects of given codimension and given worldvolume 
directions in (D^/Zfe. The second column indicates what the probes become in type IIA (large k). For 
details see the accompanying paragraph. 



C.2 Objects in AdS^ x S'^/Zk 

In this section wc study objects in the geometry obtained as the near-horizon limit (Nc — > oo) 
of the Nc M2-branes. First we introduce new coordinates 

z^ = r cos a sin /? e^^ , z'^ = r cos a cos /? e^^ z^ = r sin a sin je^^, z^ = r sin a cos 7 e^* 

Witli these coordinates, the metric of AdS/^ x S''' becomes 

cZs^ = (dr^ + e^^ (-dt^ + da;? + dxD) + B? {da"^ + cos d/?^ + sin dj"^ (C.5) 
+ cos a sin (3 dCi + cos a cos /3 (iC2 + sin a sin 7 dCs + sin a cos 7 dQ ) , 

where < a, /3, 7 < f and < Ci < 27r. We also have the flux F^^) = lR^0.AdS4 with fi^^s^ 
being the volume form of AdS^. 

Prom the super symmetry variation of the gravitino we find that the spinor preserved by 
this background is 

= MAdsMai3^M^eo = Meo, (C.6) 

where eo is a constant 32-component spinor, F = F"^^*" = — Foi2r, ^AdS is the part of M 
that depends on AdS^^ coordinates, and similarly for M^cp^ and M^. The 2,^ quotient acts as 
Ci Ci + X' write the spinor eo as a sum of eigenspinors of (F^i^^jF^jF, F-yi^3,Fa^4), that 
is, F^^^esis2S3S4 = '^sies^s2S3S4) ^^c; since only the eigenspinors that satisfy J^j^^ = are 
invariant under for k > 2, the background preserves 24 real supercharges for k > 2. This 
can be seen from I32 = Foi...^3(^4 = .siS2>S3S4l32 which implies an even number of positive and 
negative Si. The condition Yli=i •Sj = therefore projects out the two cases where all Si are 
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the same, and is satisfied for tlie otlier six cases, so | of the 32 supercharges (hence 24) are 
preserved. 

Now we will explicitly solve the «;-symmetry equation for the four objects discussed in 
sections ^, |6|, and |^ As mentioned in the previous subsection, we think of this one condition 
in M-theory as a combination of the two projection conditions for the left- and right-handed 
spinors for D-branes in type IIA. 

We start with the codimension-zero KK monopole of section ^. Although we can use the 
SU{4:) X U{1) symmetry of the background to set constant phases to zero, we will keep them 
explicitly in our calculation. This is useful if we want to consider multiple stacks of probes that 
sit at different constant phases. Instead of choosing the embedding such that Im(z*) = 0, Vi, 
we will be more general and take the worldvolume coordinates to be (3, 7 and 

set the phase to constant values Cf. For this embedding we find = Foi2ra/37 and 

M-^r^M = M-^F^M^ = F«M| = Foi2ra/37e^i^''«i e^°^i2^e^°^'>i-i e'^^r^c* . (C.7) 

Solving roi2ra/37e^i '^^ie^2^C2^ e^3^7C3e''4^°=C4eo = eg we find that 12 real components are pre- 
served. Comparing with the second row in table ^, we see that after the near-horizon limit 
the amount of supersymmetry has doubled, as expected. 

Now we look at the codimension-one case of section ||, that is, the lift of D8-branes to M- 
theory. We choose the ten worldvolume coordinates to be {x^,x^,r, a, /3, 7, Ci, C2, Csi C4)) and 
find that F^; = Foira/37CiC2C3C4 = -'^2, where we have used roi2ra/37CiC2C3C4 = l32- F^ commutes 
with Majs^ and M^, so we find 

M-^T^M = M-lgT^MAdS = (I32 - x2F2f (I32 + F,f))F, = (I32 - x2F2f (I32 + F,f ))F2. 

(C.8) 

Demanding that M^^F^Meo = eo again reduces the components of eo by a factor of ^, so 
that we find 12 preserved supercharges. 

The next codimension-one case, from section ^, are M5-branes extended along AdS^ inside 
AdSi and embedded such that = = 0. Recall that this embedding is SU (4)-equivalent to 
the one used in table ^ (see section |6.1| ). The worldvolume coordinates are {x^ ,r, 7, CzXa) 
and we have to set a = ^, which leads to F^ = ^oir-yC^^c^^- Since M~^^T i^Map^ = — FFqFk and 

commutes with that, we find 

M-^T^M = -M^l^tVJ^^MAdS = -(I32 - x2F2f (I32 + F,f ))f F„F, 

= -(I32 - x2F2f (I32 + F,f ))F2„7C3C4- (C.9) 

We then find that 12 real supercharges are preserved. Again we see that the probes reduce 
the amount of supersymmetry of the background by a factor of ^, and that the near- horizon 
limit leads to a doubling of the preserved supercharges (cf. table |3|) . 

Finally we look at the example from section 0, codimension-two M2-branes embedded 
such that = = 0, = z^. Again we will be slightly more general and allow for constant 
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phases. We take the worldvolume coordinates to be x'^,r, and set a = |,7 = ^,Ci = 
Ci ) C2 = C2 ' C4 = — C3 + C°i where Ci , C2 ' C° are constants. We then find 

r, = -^ro.(r^3-r^J. (c.io) 

Next we write M = MAdgMap^/MQ and note that the AdS part commutes with the rest, so 
we first calculate 

M^l^T^MAds = (I32 - (x^ri + x2r2)f (I32 + r,f ))r,. (c.ii) 

We then use a = ^ to find 



I32 - {x'^Ti + x2r2)f (I32 + r^f ))e- a^'^^e" 2^/5^6-1 r-rp^gf r^Fg^r/jPg^r,^ 

I32 - {x^^i + a;^r2)f (I32 + r,.f ))e-i^'^^e- 2r/3fr^e"^"^ei^''^ei^"^ 

I32 - {x^Ti + x2r2)f (I32 + r,f ))e-^r.,r^r,f eF"- (C.12) 

1 

V2' 



(I32 - (x^Fi + x2r2)f (I32 + r,f ))r,— (r„ + r^)f 



(f + (x^ri + x2r2)(i32 - r,f ))r,i=(r„ + r^) 

^(f + (x^ri + x2r2)(i32 - r,f ))ro.(-r«c3 + - ^ic^ + r7C4 



Since eq. ( p. 12 ) commutes with F^^^ and T^^f we have 



M-^T^M = e-%r'^C4e-%r.c3l(f + (xiri+x2r2)(l32-r,f))ro. 

X (-r,<^3 + r,^, - + r^^Je%r-C3e%r.c4 (C.13) 

= ^(f + (x^ri + x2r2)(i32 - r,f ))ro. 

X (r^a - r7C3 + cos ("(r^^ - r^ca) + sinC°(rQ7 + r(^3^j). 

Acting with this on the 24-component constant spinor eo, we find that such branes preserve 8 
real supercharges. Note that although the projector depends on CP, we find that the preserved 
supercharges depend only on the position in x^, x^ and not on the constant phases , (^2 ) ■ 

D. AT = (0, 6) Supersymmetry Transformations 

In this appendix we discuss the supersymmetry transformations of the codimension-one flavor 
field theories of sections ^ and ^. In particular, we show that the gauge field somponent j4_ , 
appearing in the Lagrangian of the codimension-one chiral field theory of section eq. (5.2), 
is invariant under M = (0, 6) supersymmetry. 



- 55 - 



The super symmetry algebra of the ABJM theory is 

{Q(f),Q(^)} = -25^^(^M)^^P^, (D.l) 

where {'^^)ap is given by = (— 1, — o"^, cr^) and /i = 0,1,2. The index a = 1,2 labels 
the components of the real two-component spinor Q. (Notice that we are using different 
conventions from those in section |2.1| .) 

Let us place the defect at = 0. Since the translational invariance in X2 direction and 
therefore the momentum P2 is broken, some of the supersymmetry charges are also broken. 
Let us discuss the broken supersymmetry generators for the J\f = (0, 6) and J\f = (3, 3) 
supersymmetric flavor theories. 

The broken supersymmetry generators for the N = (0, 6) supersymmetric flavor theory 
are q!{ \ An explicit check shows that, upon setting Qy^^ = 0, the algebra reduces to a 
supersymmetry algebra for a (l+l)-dimensional theory, i.e. P2 drops out. 

The broken supersymmetry generators for the M = (3, 3) supersymmetric flavor theory 
are more complicated since the obvious guess, setting half of the supersymmetry generators 

to zero, is wrong. For simplicity let us consider the algebra just for two supersymmetry 
generators, say 1 = 1 and 1 = 2, 

{Qi^\ qJ,'^} = {Q'i\ Qf} = -2{i^UP,, {Q«, Qf} = 0. (D.2) 

Since we want to eliminate P2 and 02 is off-diagonal, we have to define the new supersymmetry 
charges, 

Qi^di\ 4 = Qf, ~^i^Qf\ ^2^Q^\ (D-3) 

and set 0.i = 0,2 = 0. The remaining supersymmetry generators Qa, a = 1,2, satisfy the 
(l+l)-dimensional supersymmetry algebra. This procedure can be straightforward general- 
ized to six supersymmetry generators. The unbroken supercharges generate a, N = (3, 3) 
supersymmetric algebra in (1+1) dimensions. 

In order to determine the supersymmetry transformation for A- in the N = (0, 6) super- 



symmetric theory, we use the conventions and supersymmetry transformations of ref. |65]. 
Let us quote the supersymmetry transformation of the gauge fields and (the gauge 
fields of the two gauge groups), 

5A^ = e'l^^^^X"" - t'^'^^XB^Al^.e' , (D.4) 
54 = T% X^'e'j^^^ - r'^^'^Alt.e'XB , (D.5) 

where Xa, A = 1, . . . , 4 are the four complex scalars and are the spinor fields of the ABJM 
theory (in the notation of ref. ||6^). The spinor field has a lower spinor index, whereas 
the conjugated field carries an upper spinor index. Note that {"y^)^ = {ia'^,a^,a^) for 
/i = 0, 1, 2. The conjugate fields and X^ are denoted by upper indices. Moreover, are 
real two-component spinors for / = 1, . . . , 6, and the 4x4 matrices F^, I = 1, . . . , 6 satisfy 
the commutation relation 

F^F + F-^F = 2 5", (D.6) 
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where f ■'^ = (P-^)^ . Let us decompose into 

e'={'f], (D.7) 




and set e£ to zero since the Qg^^ are broken in the J\f = (0,6) algebra. Finally, introducing 
lightcone coordinates = x*^ it x^, the unbroken right-handed supersymmetry transforma- 
tions 6rj with respect to e|j of the gauge field components read 

6iij = T%e'ji^ix'' - t'^'^XB^RAe'R , (D.8) 
6rj A_=0, (D.9) 

5r,i i+ = r^^X^e^^^ - t'^''-fRAe'nXB , (D.IO) 

5rjA.=0. (D.ll) 

In particular we see that A- and A- do not transform under M = (0, 6) supersymmetry. 
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